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Differentiating Arithmetic Instruction for 
Various Levels of Achievement 


GrorcEeE H. McMEEN 


_ oe DEAL has been said and written 
concerning provisions for differenti- 
ating arithmetic instruction for various 
levels of achievement and yet probably most 
teachers, including the writer, feel that there 
is much to be learned about this topic. This 
article will attempt to clarify and evaluate 
various procedures for differentiating arith- 
metic instruction currently in use or being 
tested in many of our schools today. The 
writer makes no pretense of possessing final 
answers or ready-made prescriptions which 
always work in any situation for existing re- 
search warrants no such conclusions. Much 
depends upon the nature of the arithmetic 
program, its administration, the pupils, and 
the capabilities of the teacher. Procedures 
which work for one teacher may not be 
equally effective for another. It is hoped that 
the reader will acquire a few new ideas from 
this article and be stimulated to extend his 
efforts in this critical but often sadly neg- 
lected area. 

The topic under consideration is particu- 
larly timely because of our present emphasis 
upon modernizing our mathematics pro- 
gram and providing pupils with the best 
possible opportunities for securing a strong 
mathematical background. The rapidly 
changing secondary mathematics program 
presents new challenges to the elementary 
mathematics program to put its house in 
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order so that the transition from one pro- 
gram to the other will be gradual and con- 
tinuous. One of the great challenges facing 
us at the moment is to do a better job with 
the gifted child who has often been sadly 
neglected in many of our schools. Indeed the 
future of our nation may very well hinge 
upon the job the teachers of America do to- 
day in properly preparing, guiding, and en- 
couraging our gifted children toward careers 
of leadership and research vital to the na- 
tional welfare. It is well known that likes and 
dislikes toward mathematics, dispositions 
toward study and experimentation, feelings 
of confidence or insecurity, and so forth, are 
molded in the elementary school and that 
the pattern so cast is not easily changed 
thereafter. 


Nature of Differentiation 


Clarification of what the topic under dis- 
cussion means should be helpful before pro- 
ceeding further. Differentiating arithmetic 
instruction refers to adjustments in depth 
and scope of arithmetic topics presented in 
keeping with individual and trait differen- 
ences. Individual differences refer to the 
variations that exist among various individ- 
uals of a group on any single measure or 
trait. Trait differences refer to the variations 
in different abilities possessed by an individ- 
ual. Pupils differ one from another in any 
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single arithmetic ability and any individual 
has differing arithmetic abilities with respect 
to the various component parts of arithme- 
tic. Since provisions for differentiating arith- 
metic instruction usually accompany pro- 
cedures for grouping pupils, although they 
are by no means identical, the writer feels it 
necessary to provide a resume of procedures 
for grouping pupils for arithmetic instruc- 
tion. 


Procedures for Grouping Pupils 


Considerable experience at the elementary 
school level leads the writer to conclude 
that most teachers utilizing three ability 
groupings for reading instruction have but 
a single class grouping for arithmetic in- 
struction. This is unfortunate for individ- 
ual differences are fully as pronounced in 
arithmetic as in reading and it seems logical 
to conclude that many children at either end 
of the arithmetic spectrum are not receiving 
the attention due them. Inasmuch as there 
is a high correlation between arithmetic 
and reading abilities it is unfortunate that 
more teachers do not as a minimum adjust- 
ment utilize their reading ability groupings 
for arithmetic instruction on many occa- 
sions. 

What are the reasons why arithmetic in- 
struction has not received the attention ac- 
corded to reading? Why have many teachers 
never attempted ability grouping or differ- 
entiation of instruction in arithmetic? Some 
of the reasons are: (1) Until recently arith- 
metic has been regarded chiefly as a tool or 
skill subject as contrasted with a system of 
thought and a respected branch of mathe- 
matics. (2) Mathematics has often been 
looked upon with fear and distrust by 
teachers who shied away from it themselves 
and knew little of its role in society. Devel- 
opments of the last year paving the way 
into a space age have at least had the effect 
of increasing the respect of laymen and 
teachers toward the importance of modern 
mathematics. (3) Whereas in reading it is 
fairly simple to surround children with good 
books it is difficult to do this in arithmetic 
because of a lack of good books in sufficient 


quantity written for differing ability levels, 
Present arithmetic texts are written for the 
average child with only token provisions for 
the slow or rapid learner. (4) Teachers have 
found from experience that it takes a great 
deal of time, effort, and ability to operate 
more than one arithmetic grouping and 
consequently have shied away from several 
groupings because of the work involved an 
insufficient amount of time allotted to the 
arithmetic program which would make 
grouping possible. (5) Many of our teachers 
know only the skill aspect of arithmetic and 
are incompetent to direct rapid learners into 
a fuller knowledge of the subject. It would be 
easily possible to add to this list of reasons 
why many teachers have never seriously 
ventured into the realm of differentiating 
arithmetic instruction but there would be 
little constructive value in doing so. 

Out of many experiments in grouping 
children for arithmetic instruction have 
emerged a number of generally accepted 
principles worthy of consideration: (1) It is 
never possible by any method of grouping to 
have a completely homogeneous group of 
pupils. We may narrow the range of abilities 
but we do not eliminate them. Consequently 
every teacher should be keenly aware of indi- 
vidual differences regardless of how homo- 
geneous her group may be. The writer once 
queried a group of teachers with the ques- 
tion, ““How many groups should you have 
in your arithmetic class?’’ An experienced 
teacher replied, “‘As many as there are pupils 
in the class.”’ This is a good reply for it evi- 
dences concern for the individual] pupil. (2) 
It is never possible, try as we may, to bring 
the performance level of the slow-moving 
child up to the level of the rapid learner 
unless we place the latter in an intellectual 
deep-freeze. By allowing rapid learners to 
turn to other tasks as soon as they have com- 
pleted minimum 4rithmetic assignments 
many teachers have in effect put the rapid 
learner in an arithmetic straight-jacket. (3) 
The range of abilities in any subject increases 
year by year as children move through the 
elementary school. Hence the need for dil- 
ferentiating arithmetic instruction grows 
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more acute at each succeeding grade level. 
(4) Most authorities agree that there 
should be little if any differentiation of arith- 
metic topics studied in the first eight grades, 
particularly so in the first six grades. It is 
generally conceded that a study of whole 
numbers, fractions, and decimals represents 
a common core needed by all normal citi- 
zens. Consequently differentiation at this 
level should be confined to levels of learning, 
depth, and scope of treatment, the goal being 
that each child is challenged to do his best 
at his ability level. Pupils should be ex- 
pected neither to over-perform or under- 
perform, (5) The cooperation of the pupil in 
any differentiated program is essential and 
it is important that the pupil take pride in 
accomplishing goals he is capable of achiev- 
ing and has helped to formulate. (6) Any 
system of grouping or differentiation of in- 
struction should be flexible. There is prob- 
ably no single criterion which will divide 
pupils perfectly according to ability. Hence 
any system of grouping will involve mistakes 
which will need to be corrected in light of 
subsequent evidence. When pupils improve 
or fall behind both they and the teacher 
should be willing to make changes. Flexi- 
bility helps to alleviate the stigma associ- 
ated with being permanently assigned to a 
slow group. (7) Grouping alone is no pana- 
cea for handling individual differences. It 
would be a grave mistake to provide no dif- 
ferentiation of instruction among differing 
ability groupings. Rapid learners need much 
less work with manipulative materials and 
drill than do slow learners. They are able to 
move more quickly to the abstract level of 
performance and to greater depth. Rapid 
learners are generally capable of much fnore 
self-direction and sustained effort. Individ- 
ual or group study of assigned topics for 
investigation in the library is a common 
type of differentiation for rapid learners even 
in classrooms having no system of grouping. 
Such activity is valuable as it is does not 
obviate the need for competent instruction 
in mathematical meanings and the structure 
of arithmetic. All too often rapid learners 
sidestep this important phase of the arith- 


metic program usually because they are not 
properly challenged and directed by the 
teacher or the arithmetic text. 


Programs for Individual 
Differences 

Programs for providing for individual 
differences in arithmetic through some form 
of grouping fall into one of two broad classi- 
fications: (1) The first plan centers about 
organizing the school program itself through 
homogeneous grouping of students, assign- 
ment of teachers according to teaching 
speciality or preference, and adjustments 
within the schedule. (2) The second plan in 
contrast emphasizes the values associated 
with heterogeneous grouping of children 
with the teacher utilizing special teaching 
methods for caring for individual differences 
within the groupings. Let us briefly consider 
the characteristics of each of these programs, 
their advantages and limitations. 

The first plan of administratively group- 
ing pupils homogeneously a]lthough widely 
practiced at the junior and senior high levels 
has won comparatively little acceptance in 
the elementary school. Educators whose 
training was steeped in an interpretation of 
Dewey’s philosophy have usually interpreted 
the elementary school as a place for “co- 
operative group living” and hence have 
decried suggestions for homogeneous group- 
ing on the grounds that is undemocratic and 
is likely to lead to a class-structured society. 
Today many educators are questioning this 
narrow interpretation. Experience in group- 
ing gifted children together have convinced 
many educators that smugness and aloofness 
are not characteristic traits of gifted children 
when homogeneous grouping is properly 
practiced. Indeed these traits are more likely 
to develop when gifted children are forced 
to move at the level of slow- or average- 
moving pupils than when they move at their 
own pace in the company of others of com- 
parable ability. Many favorable indications 
for homogeneous grouping are beginning to 
appear when new instructional methods and 
materials are used with gifted children. So 
far research in homogeneous grouping has 
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been directed toward finding what benefits 
may accrue for the gifted child. A current 
research experiment seeks to determine 
among other things what effect the removal 
of gifted children from the classroom has 
upon the remaining children.’ 

One of the simplest administrative ad- 
justments in ability grouping which should 
be practiced more in my opinion is for the 
elementary school principal having two or 
three classes at a given grade level to divide 
them according to ability and then assign 
teachers to the classes who are competent to 
teach them. The pupils in the top group need 
a teacher who can properly challenge and 
direct them and little good is likely to ensue 
from such grouping without such a teacher. 

A second plan schedules pupils at a given 
grade level for one-half day for reading, 
language arts, and social studies under a 
homeroom teacher proficient in these sub- 
jects. For the remaining half day the pupils 
are homogeneously grouped on a non- 
graded basis under teaching specialists for 
arithmetic and the other subjects. This plan 
is now being tested experimentally in the 
schools of Ossing and Long Beach, N. Y. 
under the direction of Dean George Stod- 
dard of New York University. A variation 
of this plan used in a few large cities sends 
gifted children from their normal classroom 
situation to a special school for the gifted 
for a half day for specialized instruction on 
a non-graded basis in such subjects as mathe- 
matics and science. 

A third plan which has few advocates is to 
completely departmentalize the elementary 
school under teaching specialists for all sub- 
jects. Advocates of this proposal argue that 
many elementary teachers are not suffi- 
ciently grounded in the various subjects to 
do justice to them, particularly so in the case 
of arithmetic. They usually point out that 
many European schools have operated 
profitably in this fashion for many years and 
that it is high time for our schools to adopt 


1 Talented Youth Project, Horace Mann-Lincoln 
Institute of School Experimentation, Teachers 
College, Columbia University, New York City. 
Current Research Projects (unpublished). 


their pattern. Critics of this proposal are 
quick to point out that we educate all of 
our youth as opposed to the selected few in 
many European schools, that children at 
this tender age need the molding influence 
of one teacher who knows them well, and 
that the real goals of education at this level 
lie not in the acquisition of knowledge alone 
but in good citizenship training and _per- 
sonality development. Obviously rhetoric in 
either direction accomplishes little and re- 
search alone can confirm the values for or 
against homogeneous grouping. 


Plan for a Regular Grade 


Let us now direct our attention toward 
provisions for handling individual differ- 
ences in normal teaching situations where 
teachers work with heterogeneously com- 
posed groups of children. These teachers 
have found from experience that some sort 
of grouping or differentiation is essential in 
working with children of widely differing 
abilities and backgrounds. Some teachers 
utilize the same groupings for arithmetic as 
for reading. Others form their arithmetic 
groups according to arithmetic test scores 
plus other criteria. A suggestion to the 
teacher inexperienced in arithmetic group- 
ing is to first form two ability groupings and 
learn to handle them successfully. After 
mastering this situation the teacher should 
then try three groupings. The usual range 
of abilities in most classrooms indicates the 
need for a group for the rapid learners, a 
group for the near-average learners, and a 
group for the slow learners. 

Sound practice indicates the advisability 
of maintaining flexible groupings with no 
child permanently assigned to any one 
group. Pupils should be consulted in choos- 
ing a group in keeping with their needs. 
There are many opportunities in the arith- 
metic program for the teacher to bring all 
of the pupils together so that they may profit 
from the experiences of the others. Particu- 
larly is this true when a new topic is being 
introduced and pupils are challenged to 
discover the concepts underlying the topic. 
However once these have been discovered, 
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varying rates of learning quickly begin to 
manifest themselves and the wise teacher 
returns to her separate groupings so that she 
can better differentiate her arithmetic pro- 
gram. 

As previously indicated many problems 
beset the teacher who tackles ability group- 
ing in arithmetic and differentiation of in- 
struction. One of these problems is the 
problem of scheduling. My early experience 
teaching the upper four grades in one room 
of a two-room rural school has convinced 
me that at least a minimum of 15 minutes 
is needed to conduct any arithmetic lesson 
worthy of the name with more time highly 
desirable. Consequently if three groupings 
are scheduled and 15 minutes is spent with 
each group daily, a minimum of 45 minutes 
is needed for the total arithmetic period. Ac- 
cording to this plan the schedule might read: 


TIME Rapip LEARNERS 
9:00-9:15 Individual study 
9:15-9:30 Individual study 
9:30-9:45 Group lesson 


Since slow learners lack the capacity for sus- 
tained study it is wise to schedule their group 
lesson during the central interval as shown. 
Many teachers have found that 15 minute 
lessons are too brief and not having sufficient 
time to extend their program, to, say, three 
20-minute lessons prefer to have no more 
than two group lessons during a single day. 
This of course means that with three groups, 
one group will have no lesson with the 
teacher for that day. 

Any plan for ability grouping or differenti- 
ation of instruction requires careful planning 
by the teacher. Assignments must be made 
clearly so that pupils can work as independ- 
ently as possible. As long as routine skills are 
involved this is relatively simple but when 
mathematical meanings are properly stressed 
along with other enrichments of the arith- 
metic program, the teacher’s task is far from 
simple. Frequently the teacher may find it 
necessary to use as many as three different 
texts of differing grade levels with her ability 
groups. Keeping the pupils somewhat to- 


gether on a common topic such as the addi- 
tion of whole numbers at three different 
levels is difficult and yet this is far more de- 
sirable that having pupils work on com- 
pletely unrelated topics at the same time. 
Let us now turn our attention to provisions 
for differentiating arithmetic instruction. 
This becomes the crux of providing for indi- 
vidual differences regardless of what method 
of grouping is practiced. I have previously 
indicated that differentiation in elementary 
arithmetic should be principally in depth 
and scope of topics taught with all pupils 
studying essentially the same topics. In the 
teaching of certain fundamentals such as 
number facts it is difficult to differentiate 
but even here some adjustments can be pro- 
vided. Slow learners need many more ex- 
periences with manipulative materials than 
rapid learners who can move quickly to 


AVERAGE LEARNERS SLow LEARNERS 


Group lesson 
Individual study 
Individual study 


Individual study 
Group lesson 
Individual study 


mental procedures for regrouping numbers 
in the abstract. Rapid learners need fewer 
drill lessons with number facts and can 
move more quickly to social applications of 
them. 

In the teaching of more advanced topics 
such as the multiplication of fractions in the 
sixth grade a great deal of differentiation is 
possible. Although all pupils should have 
some experiences with this topic, slow- 
moving pupils might not be held responsible 
for mastering all cases of the topic. These 
pupils might be taught only the simpler 
cases such as the multiplication of a fraction 
by a whole number or the case of a unit- 
fraction times a unit-fraction. Differentiation 
of this kind is referred to as differentiation in 
scope. If further learning of more advanced 
cases dictates mechanical learning it is ques- 
tionable whether greater scope should be 
attempted, particularly when we consider 
the few social applications of the topic the 
child is likely to encounter. The remaining 
children should be taught all cases of the 
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topic with the rapid learners being chal- 
lenged to provide diagrammatic and mathe- 
matical explanations of the various opera- 
tions. This is what we mean by differentiation 
in depth. It is in the critical area of mathe- 
matical understandings that the teacher who 
does not know arithmetic well herself is apt 
to let rapid learners by-pass this important 
phase of the program and concentrate 
chiefly upon the acquisition of skills. 


Differentiation in Depth 


Possibilities for differentiation in depth 
occur in such examples as } of ?. Most aver- 
age learners are capable of understanding or 
being led tq discover>how the diagram 
below shows that '3 of }=7%= 4. This leads 
to the generalization that multiplying the 
numerators together supplies the number 
of new parts and that multiplying the de- 
nominators together supplies the name or 
size of the new parts. 
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Rapid learners are easily capable of 
another solution to the same example lead- 
ing to an understanding of so-called “‘can- 
cellation.” 


bofi=1 so %of{=2x}=4-} 
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From these discoveries the 
rapid learner can be led to 
to see that the same result 
can be obtained more 

















quickly by cancellation as 
shown on the right. The gen- 


eralization here is that since we make the 
factor on the right one-third as large by 
dividing the numerator by 3, we must com- 
pensate by making the factor on the left 3 
times as large. Similarly we can make the 
factor on the left one-half as large provided 
we make the factor on the right twice as 
large, thus completing the cancellation. 

Rolland Smith? has written an excellent 
article on provisions for individual differ- 
ences. He recommends the practice in pre- 
senting a new topic for the first time of first 
giving a bird’s-eye view of the whole topic 
on a small scale to all pupils at the same 
time. This plan is beneficial at all levels of 
mathematics teaching. When we develop a 
topic piecemeal the learner often gets lost 
in the maze of operations involved and never 
quite sees the relation between the various 
parts of the picture. Smith illustrates his 
point in the case of decimal fractions and 
shows how the teacher can quickly develop 
some of the background of decimals, the way 
they are read and written, and the applica- 
tion of the four fundamental processes to 
them in simple cases. He states that such a 
preview need not take place in a single les- 
son but may require three or four lessons. 
Following the preview differentiation should 
follow at individual or group levels since 
detailed development of any single phase of 
the topic will proceed at varying ability 
rates. 


Three Groups in Grade Four 


Finally, let us briefly consider a theoreti- 
cal fourth grade lesson in compound sub- 
traction of three-place numbers to see how 
the teacher might differentiate her instruc- 
tion. Let us assume that all of the pupils 
were exposed to a meaningful development 
of the topic in the third grade and that 
some telescoped reteaching of the topic has 
been done near the beginning of the fourth 


2 Rolland R. Smith, “Provisions for Individual 
Differences,” The Learning of Mathematics; Its Theory 
and Practice, pp. 286-290. Twenty-First Yearbook of 
the National Council of Teachers of Mathematics. 
Washington, D.C.: The National Council of Teach 
ers of Mathematics, 1953. 
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erade. At the time of this particular lesson 
let us assume that such a wide range of 
abilities exist on the topic that the teacher 
finds it advisable to divide her pupils into 
three ability groups. What might be the dif- 
ferentiated activities of these groups for the 
day? 

Slow learners: Their assignment might in- 
clude only one phase of the topic such as 
simply changing a ten to 10 ones or a hun- 
dred to10 tens but not both at the same time. 
Their assignment might be to develop once 
again the rationalization given in their third- 
grade text with a large amount of time spent 
in manipulating objective materials such as 
play money, bundled sticks, or cardboard 
markers. The group lesson for these pupils 
should make ample use of pupil and teacher 
demonstrations of the principles involved. 

Average learners: Their assignment should 
embody the development in their fourth- 
grade text. These children are probably 
ready for the inclusion of both changing a 
ten to 10 ones and a hundred to 10 tens with 
perhaps some examples involving double 
changing in both the tens and hundreds posi- 
tions. Many of the children in this group will 
profit by making at least some use of 
manipulative materials although to a lesser 
extent than the Positional 
markers in a place-pocket chart will prob- 
ably suffice for the average learner since by 
this time he has learned that a single marker 
in hundreds place stands for a collection of 
100 ones or 10 tens. Pupils in this group will 


slow learners. 


need much less attention in their assignment 
than in the slow-moving group. The teacher 
should be alert in the group lesson to see that 
these pupils really understand what they are 
doing and that they are not merely subtract- 
ing mechanically. Most of these pupils 
should be at the developmental stage where 
they are ready to discard the crutch whereas 
the slow learners have great need of it still. 
Rapid learners: These pupils probably have 
no need for manipulative materials and can 
proceed immediately to an abstract repre- 
sentation of the meaning of subtraction, 
writing out an example or two in terms of 
place-value words, e.g. hundreds, tens, and 
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ones. These pupils should be challenged to 
discover other ways of performing the sub- 
traction such as subtracting the hundreds 
first, then the tens, and then the ones. His- 
torical methods of subtraction might be in- 
troduced at the discretion of the teacher 
after the pupils firmly understand their 
own method. The pupils might profitably be 
challenged to find a quicker way of sub- 
tracting in an example such as 400—158. 
This might lead to the discovery that 400 
contains 40 tens and that if one of these tens 
is changed to 10 ones, 39 tens are left. At a 
still higher grade level compound subtrac- 
tion in different number may be 
profitably introduced. Rapid learners might 
also be assigned the task of formulating prob- 
lems in compound subtraction originating 


bases 


from some unit of study in the classroom. As 
pointed out previously, rapid learners are 
often insufficiently challenged to gain deeper 
mathematical insights, conditioned usually 
by the teacher not possessing them herself. 
Only determination and continued study by 
the teacher can rectify this situation. 

Let us now consider still another kind of 
differentiation; vertical differentiation. So 
far the types discussed have been chiefly 
horizontal in nature with rapid learners 
being exposed to a much broader and deeper 
program than slow learners. Vertical dif- 
ferentiation refers to the inclusion of a 
greater number of topics at a given grade 
level than those generally studied. Three 
types of vertical differentiation in arithmetic 
are: 

(1) Probably the most common but cer- 
tainly questionable method is for the teacher 
to simply introduce more advanced topics 
into her program than those normally pre- 
sented in her text or course outline. This is 
a dangerous procedure if done on a hit or 
miss basis without conferring with teachers 
who will teach the pupils next or keeping 
careful records of the topics taught. It has 
been my observation that teachers present- 
ing advanced topics at a given grade level 
usually introduce them mechanically as an 
expedient to keep rapid learners busy. Prob- 
ably nothing is more likely to quench the 
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initiative of a rapid learner than later to 
have to sit patiently in a class while the 
teacher explains operations he already 
knows how to perform. Even though the 
rapid learner was exposed only to a me- 
chanical explanation of how to get the an- 
swer initially, he is now apt to take little in- 
terest in a meaningful presentation because 
the keen edge of learning has been removed 
from the situation. When this form of verti- 
cal differentiation is practiced with some 
pupils and not others, the problem of record 
keeping is a major issue. 

(2) A second plan of vertical differenti- 
ation consists of simply having a rapidly 
moving group move ahead or “skip” a 
grade. If this is done, it is imperative that 
the teacher below and the one above the 
grade skipped cooperate in seeing that the 
pupils cover all of the essential topics other- 
wise omitted. Teachers should never assume 
that simply because rapid learners possess 
the ability, that they will of their own initi- 
ative study and master all of the topics 
skipped. The writer can testify to this point 
having been skipped through the 8B as a 
child with resulting deficiencies in subse- 
quent work. 

(3) A third and more desirable method 
of vertical differentiation consists of com- 
pletely reorganizing the arithmetic program 
for rapid learners into a six- or seven-year 
program, usually the latter. Where this is 
done, algebra is usually begun in what is 
normally the eighth grade. The problem 
here is not so much whether rapid learners 
can theoretically learn sufficient arithmetic 
in six or seven years as it is to find suitable 
materials and teachers for such programs. 
It is possible to use existing texts and move 
more rapidly through them, omitting cer- 
tain topics and practice materials. However 
this places great responsibility upon the 
teacher in judging what may be deleted 
without injury to the program. Departing 
from the sequence of the text series demands 
much experience and good judgment. Au- 
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thors spend long hours building their arith. 
metic program and the teacher who thinks 
she can do so on the spur of the moment is 
apt to lead her pupils into unforeseen diffi- 
culties. Ideally we need new arithmetic text 
series for rapid learners organized on a six- 
or seven-year program. To the best of my 
knowledge no company has thus far been 
willing to assume the financial risk of pub- 
lishing such a series because of the prospects 
of limited sales. It is likely that most schools 
experimenting with six- or 
arithmetic programs are accomplishing 
their purpose chiefly by deleting heavily 
from among the topics normally studied in 
the seventh and eighth grades. Such an ad- 
justment is obviously inferior to a program of 
reorganization starting at the beginning of 
the school program. 

Without doubt we know less today about 
successful procedures for differentiating ver- 
tically than according to any other plan. 
Unless a carefully developed plan of vertical 
differentiation is followed, teachers would be 
well advised to move slowly in this direction. 
Further experimentation and _ research is 
sorely needed before vertical differentiation 
can be safely prescribed as a solution to the 
problem of the rapid learner. 


seven-year 


Epitor’s Norte. Professor McMeen gives a very 
frank discussion of the problems and difficulties en- 
countered when one seeks to reach a more ideal 
arrangement of pupils and materials so that each 
may progress at a reasonable rate. It is not an easy 
task. ““Grouping” is very useful. We need to explore 
a number of aspects of the larger problem, e.g., (a) 
the levels of content, (b) the modes of teaching and 
learning, and (c) modes of evaluation. It is unfair 
to all types of pupils to expect the same total pro- 
gram, the same levels of achievement, and the same 
modes of learning. Mr. McMeen has indicated a 
direction toward which we might work. Perhaps we 
should more fully explore the values to be found in 
the “‘ungraded” classroom particularly in the pri- 
mary grades. Also, let us not insist on holding back 
our talented pupils in grades four, five, and six just 
so that they will not be removed from their ‘‘peer 
group.” As Mr. McMeen has pointed out, the more 
able pupils need not become snobs. In fact, the op- 
posite is usually the case. Let us continue to explore 
ways of meeting the needs of the different levels of 
pupils we find in our elementary schools. 








yut 


an. 
cal 


on. 


ion 
the 


very 


deal 
‘ach 
easy 
lore 


and 
fair 
pro- 
ame 


3 we 
d in 
pri- 
yack 
just 
peer 
nore 
: Op- 
plore 
ls of 








Research on Arithmetic Instruction—1958 





J. Frep WEAVER 
Boston University School of Education 


YEARS AGO THE ARITHMETIC 
‘TEACHER contained a summary of re- 
search on arithmetic instruction for the six- 
year period, 1951-1956.’ This was extended 
on an annual basis one year later, covering 
research for 1957.2 The present summary 
represents a continuation of the previous 
ones and brings them up-to-date through 
the calendar year of 1958. 

This 1958 summary is organized in two 
major sections. The first of these is devoted 
to published research reports; the second, to 
unpublished doctoral theses and dissertations. 


SECTION I: PUBLISHED 
RESEARCH REPORTS 


The annotated references in this section 
include research on arithmetic instruction 
that was published in periodicals, mono- 
graphs, and the like during the calendar year 
of 1958. A serious attempt was made to make 
the listing as complete as possible. Omis- 
sions, if they exist, are unintentional. 

In preparing the 1958 listing the writer 
applied the same criteria of delimitation 
that were used in the 1951-1956 and the 
1957 summaries. Thus, published references 
included in the bibliography are restricted 
to: (1) normative and experimental studies 
which report specific data or findings on a 
problem associated with, or related closely 
to, mathematics instruction at the ele- 
mentary-school level (grades 1-6); and (2) 
bibliographies, summaries, and more or less 
critical discussions which relate in whole or 
major part to such normative and experi- 


‘Weaver, J. Fred. “Six Years of Research on 
Arithmetic Instruction: 1951-1956.” Tue AritH- 
METIC TEACHER 4: 89-99; April 1957. 

* Weaver, J. Fred. “Research on Arithmetic In- 
struction—1957.” THe ArirHMeTic TEACHER 5: 
109-118; April 1958. 
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mental studies. It is hoped that these criteria 
were applied with acceptable fidelity when 
deciding whether or not to include a par- 
ticular study in this 1958 summary. 


Annotated Listing of Published 
Research Reports 


1. AFTRETH, OrvILLE B. ““The Effect of 
the Systematic Analysis of Errors in the 
Study of Fractions at the Sixth Grade 
Level.” Journal of Educational Research 52: 
31-34; September 1958.* 

Reports an experimental study involving 
289 pupils in seven sixth-grade classes. Over 
a three-month period children in the control 
groups received instruction in addition and 
subtraction of common fractions and worked 
19 sets of practice exercises, each having 20 
examples. During the same period children 
in the experimental groups received com- 
parable instruction but their practice work 
took the form of identifying and correcting 
errors in 19 sets of exercises, each having 20 
examples with accompanying answers. Ex- 
perimental hypotheses were tested in terms 
of the criterion variable based on both an 
immediate recall test and a delayed recall 
test. Findings prompted the conclusion that 
exposing pupils to errors in addition and 
subtraction of common fractions did not 
affect their learning of these operations ad- 
versely. 

2. BRowN, KENNETH E. Analysis of Re- 
search in the Teaching of Mathematics: 1955 and 
1956. U. S. Department of Health, Educa- 
tion, and Welfare; Office of Education. 
Bulletin 1958, No. 4. Washington, D. C.: 


3 This same study was reported earlier by the au- 
thor in the April 1957 issue of THe Arrirumetic 
TEACHER under the title, “Shall We Expose Our 
Pupils to Errors?”’, pp. 129-131. 
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U. S. Government Printing Office, 1958. 
73 p. 

Lists and summarizes 123 studies (54 
master’s theses, 49 doctor’s dissertations, and 
20 projects of college and university faculty 
members) reported in response to a question- 
naire regarding research on mathematics 
instruction at all Jlevels—kindergarten 
through college. The 40 studies relating to 
the elementary-school level are discussed on 
pp. 16-19 of the monograph, and some of 
their implications are considered on pp. 
22-23. 

3. Buswett, G. T. “A Comparison of 
Achievement in Arithmetic in England and 
Central California.” THe ARITHMETIC 
TEACHER 5: 1—9; February 1958. 

Reports a normative study based on test 
performance for a cross-section sample in- 
volving 3191 pupils from 91 schools in Eng- 
land and a random sample involving 3179 
pupils from 70 schools in Central California. 
Both samples were drawn from children 
within the chronological age-range of 10 yr. 
8 mo. to 11 yr. 7 mo. at the time of testing. 
The English children were tested with a 
more or less “standard” British arithmetic 
test of 100 items: 40 non-verbal computa- 
tional items and 60 verbal exercises and 
problems. The American children were 
tested with a special 70-item adaptation (31 
non-verbal items and 39 verbal items) of the 
British test, selected from among the 100 
items as those suitable for American usage 
with a minimum of change. For compara- 
tive purposes, the English children were 
scored on only the 70 items used in the test 
adapted for American children. “To sum- 
marize the factual results of the study, it is 
clear that pupils at age eleven in English 
schools are markedly superior to pupils of 
the same age in California in arithmetical 
achievement as measured by the 70 item 
test. In fact their mean score on the test was 
more than double the California mean, 29.1 
as compared with 12.1.” Sub-findings are 
presented also, and implications of the 
study are discussed. As stated in the Editor’s 
Note on this research, ‘‘Dr. Buswell’s article 
should be studied carefully and critically.” 
4. Core, Ciyve G. “Thought Processes 
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in Grade Six Problems.’ THE ARITHMETIC 
TEACHER 5: 193-203; October 1958. 

Reports a study involving data collected 
from 74 sixth-grade children (40 in one class, 
34 in another) who each read and solved 
eight “typical” verbal 
problems. Tape recordings were made of all 
oral aspects of the testing situation for each 
pupil, and were analyzed aiong with corre- 
sponding written work and solutions. The 
data were treated in relation to accuracy of 
performance, in relation to each of five be- 
havioral factors, and in relation to two dif- 
ferent school locales. Summarizes 11 find- 
ings, 14 conclusions, and six implications 
based on the investigation. 

5. Durr, Witittam K. “The Use of 
Arithmetic Workbooks in Relation to Men- 
tal Abilities and Selected Achievement 
Levels.” Journal of Educational Research 51: 
561-571; April 1958. 

Reports an experimental study designed 
to determine “ . . . the value of workbooks 
in promoting learnings concerned with 
quantitative relationships, arithmetic prob- 
lem solving, arithmetic vocabulary, and 
fundamental arithmetical operations.” Data 
were derived from the performance of 102 
pupils (50 girls and 52 boys), representing 
the entire population in grades 4-8 of a 
small-town Illinois elementary school. The 
26-week experimental period “‘ . . . was set 
up on an alternate methods basis so that each 
student was measured in arithmetic growth 
[by the “Analytical Scales of Attainment in 
Arithmetic’”’] both with and without work- 
books.”’ Data were presented in support of 
these general findings. ““The students, as a 
whole, made greater gains in arithmetic vo- 
cabulary and fundamental operations after 
using workbooks. The students who were 
above average in intelligence and subject 
matter achievement profited more from 
using workbooks in the above two areas, 
while those who were below average made 
no significantly different gains with or with- 
out workbooks. The mean arithmetic 
achievement gain favored workbooks in 
grades four and five, but there were no sig- 
nificant differences in grades six through 
eight.” 


sixth-grade-level 
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6. Erickson, LELAND H. “‘Certain Ability 
Factors and Their Effect on Arithmetic 
Achievement.” THe ARITHMETIC TEACHER 
5: 287-293; December 1958. 

Reports a study of the relationship of fac- 
tors such as intelligence, reading ability, and 
socio-economic status, to arithmetic achieve- 
ment in general; and the relationships and 
inter-relationships among intelligence, arith- 
metic concepts, and problem solving ability. 
Data were derived from the performance of 
269 sixth-grade children (in eight class- 
rooms from four schools) on appropriate 
standardized tests, coupled with relevant 
supplementary information. Pertinent cor- 
relation analyse. were based not only on the 
sample as a whole, but also on three sub- 
groups within the sample: upper 27%, 
middle 46%, and lower 27%. Various sets 
of findings, conclusions, and implications 
are reported for each section of the study but 
are not summarized in an overall way. 

7. Fepon, J. Peter. “The Role of Atti- 
tude in Learning Arithmetic.”’ THe ArITH- 
METIC TEACHER 5: 304—310; December 1958. 

Reports an experimental study of the atti- 
tudes of 32 third-grade children toward 
arithmetic in general and toward several 
specific aspects of arithmetic work (problem 
solving and computation). Attitudes were 
measured by the Dutton scale in conjunc- 
tion with a rather unique “color intensity 
scheme.”’ Differential analyses of the data 
were made, leading to these observations 
among others: “It would seem apparent 
that very definite attitudes are being ex- 
pressed, both for and against arithmetic as 
early as third grade. . . . There is a general 
feeling that various aspects of arithmetic are 
enjoyable and necessary, but not always 
meaningfully significant [sic]. Further- 
more, the children who were studied felt that 
parents had a generally favorable attitude 
toward arithmetic and that teachers had a 
strongly favorable attitude toward arith- 
metic. 

8. FLourNnoy, 


Frances. “Interpreting 


Definite Quantitative Statements Occurring 
in Reading Reference Materials.” The Ele- 
mentary School Journal 58: 208-211; January, 
1958, 
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Reports a study of the occurrence of defi- 
nite and indefinite quantitative expressions 
in social-studies reading material, along with 
an account of procedures used to improve 
pupils’ ability to interpret such expressions. 
Based on an examination of a random sam- 
ple of 15 pages from the 1953 edition of a 
fifth-grade book in a social-studies series, 
indefinite quantitative terms were found to 
be used 366 times, an average of about 24 
times per page. Also, eight references were 
found on these 15 pages to maps, tables, 
graphs, etc. requiring the interpretation of 
definite quantities. Recommendations are 
made on the basis of the text analysis and 
the procedures used with a class of children 
to improve the abilities under considera- 
tion. 

9. GLENNON, VINCENT J. What Does Re- 
search Say about Arithmetic? Revised Edition. 
Washington, D. C.: Association for Super- 
vision and Curriculum Development, 1958, 
77 p. 

This revised edition of Dr. Glennon’s 
well-known monograph (first published in 
1952 and the object of six printings) contains 
a bibliography of 210 items which have been 
brought well up-to-date. As in the earlier 
edition, research findings relative to major 
issues in arithmetic inst. ction are sum- 
marized and discussed in any easy-to-read 
and relatively non-technical style. The 
following are typical of the questions con- 
sidered in the monograph: What do we 
know about the grade placement of topics? 
Why is it important to develop meanings in 
arithmetic? Is the preparation of teachers 
of arithmetic adequate? Does grouping facili- 
tate learning? Is there a place for flash- 
cards in a modern arithmetic program? 
Should children memorize the multiplica- 
tion tables? How do attitudes toward arith- 
metic grow? 

10. GuNDERSON, ETHEL. ‘“Fractions— 
Seven-Year-Olds Use Them.” THe AritH- 
METIC TEACHER 5: 233-238; 
1958.4 


November 


‘ This is an extension of an earlier study, “Frac- 
tion Concepts Held by Young Children,” reported 
by the same author in the October 1957 issue of Tue 
ARITHMETIC TEACHER, pp. 168-173. 
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Reports findings from a study in which 23 
second-grade children were given an intro- 
ductory lesson on fractional concepts and 
then independently worked¥and made up 
problems involving fractions. Draws conclu- 
sions relative to the development of the frac- 
tion concept among children in the primary 
grades. 

11. Hartunc, Maurice L. ‘Selected 
References on Elementary-School Instruc- 
tion: Arithmetic.” The Elementary School 
Journal 59: 170-172; December 1958. 

The current edition of this annual Journal 
annotated listing embraces references to 
both significant theoretical discussions and 
research studies relating to various phases of 
mathematics instruction at the elementary- 
school level. 

12. Hunnicutt, C. W., and WittiaM J. 
IveRSON (editors). ““The Third ‘R’.” Re- 
search in the Three R’s. New York: Harper 
and Brothers, 1958, pp. 347-429. 

Summarizes each of 23 studies—‘‘a sam- 
pling of the most significant research’’— 
under three major chapter headings: “‘In- 
sight Versus Connectionism—The Role of 
Drill,’ “‘“What and When in Arithmetic,” 
and “Other Areas of Methodology.” Sum- 
maries of individual studies range in length 
from 1 page to 11 pages. The Hunnicutt- 
Iverson volume should prove to be a de- 
cidedly helpful contribution to our body of 
research literature on arithmetic instruction. 

13. Jounson, J. T. “Whither Research in 
Compound Subtraction?” THe ARITHMETIC 
TEACHER 5: 39-42; February 1958. 

Reacts to an earlier discussion by Weaver 
regarding research on compound subtrac- 
tion,® taking exception to some of his inter- 
pretations. 

14. Kenney, Russet A., and Jesse D. 
Stockton. “An Experimental Study in 
Teaching Percentage.” THe ARITHMETIC 
TEACHER 5: 294-303; December 1958. 

Reports an experimental study on instruc- 
tion in the topic of percentage at the seventh- 


5 Weaver, J. Fred. “Whither Research on Com- 
pound Subtraction?” THe ArirHmetic TEACHER 
3: 17-20; February 1956. 
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grade level, involving approximately 475 
children. Equated groups were formed in 
order to implement three instructional ap- 
proaches: (1) a drill and rote learning ap- 
proach, with no attention to mathematical 
meanings or understanding; (2) a mathe- 
matically meaningful approach, with no 
mechanical rules and no drill or abstract 
practice; and (3) a composite of approaches 
1 and 2. The experimental instructional 
period for each group covered four weeks. 
Children were measured with a specially 
constructed test of 55 items (25 problems 
and 30 abstract examples), built in three 
comparable forms and administered just 
prior to the beginning of the experimental 
period, at the close of the experimental 
period, and after a lapse of six weeks during 
which time there was no instruction in the 
topic of percentage. On the basis of meas- 
ured gains, there was some evidence to indi- 
cate instructional advantages for the com- 
posite approach. This evidence, however, 
was neither consistent nor conclusive. The 
researchers offers hypotheses to account for 
this fact, along with suggestions for further 
investigation. 

15. KreisMerR, Cuirrorp R. “Glen Rock 
Scores on a Canadian Test.” THe ARITHME- 
Tic TEACHER 5: 216-217; October 1958. 

Reports results of administering the fol- 
lowing test to the 219 sixth-grade children in 
public schools of Glen Rock, N. J.: ‘‘Arith- 
metic Test: Fundamental Operations” for 
Grades 4-8, prepared and published by the 
Department of Educational Research, On- 
tario College of Education, University of 
Toronto. The average test score for the Glen 
Rock children had a corresponding grade 
equivalent of 7.9, which was a full year 
above the Canadian norm for a similar 
grade level. However, this seeming advan- 
tage in favor of the Glen Rock children all 
but disappeared when corrections were 
made for the relatively high median IQ 
(112.8) of the Glen Rock pupils. 

16. Mitter, G. H. “How Much Time 
for Arithmetic?” THe ArtrHMETIC TEACHER 
5: 256-259; November 1958. 
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Reports findings from a survey of the daily 
time allotment for the study of arithmetic in 
grades 1 to 6, based on returns from 34 large- 
city school systems and 44 small-city school 
systems (over half of which were in Illinois) 
in response to a questionnaire “ . . . sent to 
school systems all over the country.” Found 
less time allotted, and greater disparity in 
time allotted, in grades 1—3 than in grades 
4-6. Recommended that more time be de- 
voted to the study of arithmetic, particularly 
in grades 1-3, and that there be greater 
uniformity among schools in time a]lotment 
for the study of arithmetic. 

17. RAPPAPORT, Davin. “Preparation of 
Teachers of Arithmetic.’’ School Science and 
Mathematics 58: 636-643; November 1958. 

Summarizes and discusses some of the sig- 
nificant recent findings and recommenda- 
tions relating to the mathematical back- 
ground and preparation of elementary- 
school teachers, and their attitudes toward 
arithmetic. 

18. Rappaport, Davin. ‘‘ Understanding 
Meanings in Arithmetic.” THe ARITHMETIC 
TEACHER 5: 96-99; March 1958. 

Reports a study of the mathematical un- 
derstandings possessed by children in grades 
7 and 8 and the relation between under- 
standing and computational skill, based on 
data gathered from administering a specially 
constructed ‘Test on Basic Concepts and 
Processes of Arithmetic’? and Sections E-H 
of Test 4 of the “California Arithmetic 
Test,” Intermediate Form, to 271 7B pupils 
and 110 8B pupils. Concluded, among other 
things, that: “The seventh and eighth 
grade pupils did not have an adequate 
understanding of the meanings in arithmetic, 
assuming that a score below 50 per cent was 
an indication of inadequacy”; also, ““Com- 
putational skill was not an indication of the 
understanding of the meanings of the 
processes used in the computation.” Offers 
suggestions and recommendations for nar- 
rowing the gap between skill and under- 
standing. 

(The doctoral dissertation on which this 
report is based is listed as No. 14 in Part A of 
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Section II of this summary of “Research on 
Arithmetic Instruction—1958.’’) 

19. Sax, GILBERT, and Joun R. Ortina. 
“The Arithmetic Achievement of Pupils 
Differing in School Experience.” California 


Journal of Educational Research 9: 15-19; 
January 1958. 

Reports a study comparing the mathe- 
matical understandings and computational 
skills of children from a “‘progressive”’ school 
in which formal arithmetic is not taught 
prior to grade 5 with children from a “‘con- 
ventional” school. Appropriate forms of a 
specially constructed test of mathematical 
meanings were administered to children 
grades 3-6 of a “‘progressive” school, to 
children in grades 3-6 of a ‘‘conventional”’ 
school, to children in grades 7-8 who had 
come from a “progressive” school, and to 
children in grades 7-8 who had come from 
a ‘conventional’ school. Children from 
‘““progressive’’ schools were matched with 
those from ‘“‘conventional’’ schools on rele- 
vant experimental factors, resulting in the 
formation of 21 matched pairs from grades 
3—4, 22 from grades 5—6, and 54 from grades 
7-8. The mean difference in scores on the 
test of mathematical meanings favored the 
“progressive” children at each of the three 
grade-levels but was statistically significant 
only at the grades 7-8 level. Differences in 
computational skill between ‘ 
school and “‘conventional’’-school children, 
as measured by the appropriate form and 
section of the “California Achievement 
Test,” were studied on the basis of 18 


‘progressive’’- 


matched pairs from grades 3-4, 19 from 
grade 7. At the grades 3-4 level the “‘con- 
ventional’’-school children were signifi- 
cantly superior in computational skill; at the 
grades 5-6 level the difference still favored 
the “‘conventional’’-school children but was 
not statistically significant; at the grade-7 
level the difference favored the “progres- 
sive’’-school children but not to a statistically 
significant extent. The conclusions drawn 
by the researchers are admittedly tentative. 
(In this connection the writer wishes to call 
attention to the rather small sample that was 
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used in the study, and to the fact that prob- 
lem solving as an aspect of arithmetic 
ability was not measured. He also wishes to 
say that much more needs to be known 
about the validity of the test of ““meanings”’ 
and the characteristics and instructional 
programs of the “progressive” and ‘‘con- 
ventional” schools before the reported data 
and findings can be interpreted with any 
degree of confidence.) 

20. Strokes, C. Newton. ‘80,000 Chil- 
dren’s Reactions to Meanings in Arith- 
metic.” THe ARITHMETIC TEACHER 5: 281-— 
286; December 1958. 

Reports on a two-phase curricular de- 
velopment and evaluation study. In the first 
phase, 566 teachers collaborated with the 
researcher in developing a mathematics cur- 
riculum for grades 1-8 that was in keeping 
with a meaningful approach to instruction, 
with the scope and sequence of content de- 
termined on a social-utility basis. This work 
required a 10-year period of time, 1940- 
1950. The second phase of the study—a five- 
year period, 1950-1955—was devoted to 
implementation of the newly developed 
** ‘cone of experience’ method in meanings.” 
During one year of this period, 2000 children 
at each grade level, 1-6, who were taught in 
accord with the “cone of experience” plan 
were matched with children taught in ac- 
cord with a conventional curricular plan. 
Appropriate forms of the ‘Metropolitan 
Arithmetic Test’? were administered at the 
beginning and end of the school year. On 
the average, children following the ‘“‘cone 
of experience” plan scored about one year 
above those following the conventional cur- 
ricular plan at each of the grade levels, 1—6. 
Also, special measures of sustained attention 
favored children in the experimental ‘‘cone 
of experience’ group. The researcher con- 
cluded: “Now . . . it appears that we have 
evidence that a program of meanings will 
improve learning in arithmetic.” 

21. Uxricn, Louts E., Sr. ‘Division by a 
Two-Figure Divisor.”. THE ARITHMETIC 
TEACHER 5: 204-210; October 1958. 

Reports on methods and procedures de- 
veloped for teaching and learning to divide 
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by a 2-digit divisor, with test results from two 
classes (5A and 5B) in which this instruc- 
tional plan prevailed. 

22. WAGGONER, WILBUR. “Improving the 
Mathematical Competency of Teachers in 
Training.” THe ARITHMETIC TEACHER 5; 
84-96; March 1958. 

Describes a three-semester-hour college- 
level course in mathematics designed espe- 
cially for elementary-education majors, with 
data regarding the performance of students 
(132) who were measured with the “Davis 
Test of Functional Competence in Mathe- 
matics” both at the beginning and the end 
of the course. The mean increase in number 
of items correct (7.7) was significantly dif- 
ferent from zero statistically. Also, the mean 
score on the test increased from the 50th 
percentile (based on end-of-year norms for 
grade 12) at the beginning of the course to 
the 71st percentile at the end of the course 
(based on the same norms). 

23. WEAVER, J. Frep. “Research on 
Arithmetic Instruction—1957.”’ THe AriTH- 
METIC TEACHER 5: 109-118; April 1958. 

This is the counterpart of the current 
summary, covering the 1957 calendar year, 


Sources of Research Reports 


Within a short period of time THE 
ARITHMETIC TEACHER has become the source 
of the majority of current research reports 
published relative to mathematics instruc- 
tion at the elementary-school Jevel. Of the 
23 reports just summarized for 1958, 14 
appeared in THE ARITHMETIC TEACHER. 

The Journal of Educational Research and 
The Elementary School Journal each carried 
two arithmetic research reports during 1958. 
The remaining five research reports ap- 
peared in as many different sources. 


Types of Research Reports 


Seven of the 1958 research reports were 
clearly research summaries or discussions in 
one form or another. The remaining 16 re- 
ports involved some form of either experi- 
mental or normative research, with half the 
investigations being of each type. 
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Areas of Research Emphasis 


Among the research reports published 
during 1958, what aspects or phases of arith- 
metic received greatest attention or empha- 
sis? The answer to this question can be in- 
ferred from the following tabulation. Al- 
though some references might have been 
classified in several ways, each published re- 
search report has been placed in just one 
category in the table below. The numerals 
at the right are not frequencies, but refer to 
specific research reports in the basic listing. 


Arithmetic Achievement ee Aree 3,,6,45 
Attitudes toward Arithmetic............... 7 
Common Fraction Concepts......... 3h Jee 
Compound Subtraction... . owe tat >) Beas 13 
Deferred Instruction in Arithmetic.......... 19 
Division with 2-Digit Divisors.............. 21 
Exposure to Error...... A PA Se 1 
Mathematical Meanings, Meaningful Instruc- 
ES Ee ee oe Sw oll 
Percentage....... “ sere: ie 
Problem Solving ; ek) Sere 4 
Summaries of Research. . cy Ot, eee 
Teacher Education..... ie indie dee ae Bae 17, 22 
Time Allotments for Arithmetic Instruction... 16 
Use of Workbooks in Arithmetic Instruction. . 5 


Occurrence of Quantitative Statements in So- 
cial Studies. . 


Sustained Research Effort 


To what extent have persons who con- 
tributed to the published research literature 
during 1950-1957 continued to contribute 
research reports during 1958? Of the persons 
whose names appeared in the writer’s two 
previous summaries, 11 made some pub- 
lished contribution to our research litera- 
ture on arithmetic during 1958. Less than 
half of these 11 persons reported any new ex- 
perimental or normative research, and only 
one person reported an investigation of in- 
terest on a wide scale. 


SECTION II: UNPUBLISHED 
DOCTORAL THESES AND 
DISSERTATIONS 


Graduate students’ theses and disserta- 
tions represent one of our important sources 
of research on arithmetic instruction, par- 
ticularly at the doctoral level. Unfortu- 
nately, however, much of this work never 
appears in published form. It thus escapes 
the attention of all too many persons. It is 
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hoped that this section of the current sum- 
mary may help in some way to remedy this 
situation. 

For several reasons this section is or- 
ganized a bit differently than was the case in 
the 1957 summary, and is presented in two 
parts: 

Part A is an annotated bibliography of 
doctoral dissertations on arithmetic that 
were listed and summarized in the 1958 
issues of Dissertation Abstracts. 

Part B is a listing of titles of dissertations 
on arithmetic that reportedly were com- 
pleted for degrees awarded during 1958, 
but which have not yet, or will not, appear 
in Dissertation Abstracts. This information was 
gathered from returns to a questionnaire 
sent out by the writer to about 50 graduate- 
level institutions. 

Although this form of organization for 
Section II is not the same as that used in the 
1957 summary and will cause some dupli- 
cation of listing, it is felt that the present 
form of organization will be a more satisfac- 
tory one to use, both now and in the future. 

Part A. The following 16 doctoral disser- 
tations appeared in the indicated issues of 
Dissertation Abstracts during the 1958 calen- 
dar year. 

1. BEAN, JoHN Ex.is. “The Arithmetic 
Understandings of Elementary School 
Teachers.” Dissertation Abstracts 19: 708; 
October 1958. (Ed. D., Stanford University, 
1958. L. C. Card No. Mic 58-3758.) 

Used Glennon’s “‘Test of Basic Mathe- 
matical Understandings” as the criterion 
measure applied to 450 Utah elementary- 
school teachers. Found the mean rights- 
score to be about 66% of the total items in 
the test. Found a positive relationship be- 
tween teacher self-perception of arithmetic 
understanding, both before and after testing, 
and actual test scores; self-perception was 
somewhat more realistic after testing than 
before, however. Found a small cumulative 
increase in teachers’ arithmetic understand- 
ing with greater experience. Found inter- 
mediate-grade teachers scoring higher than 
primary-grade teachers in regard to under- 
standings of common and decimal fractions 
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and the rationale of computation. Found a 
seemingly causal relationship between a 
teacher’s arithmetic competence and her en- 
joyment in teaching arithmetic. 

2. BJonERuD, Corwin E. “‘A Study of the 
Arithmetic Concepts Possessed by the Pre- 
school Child at the Time of Entrance into 
Kindergarten.” Dissertation Abstracts 18: 
1314-1315; April 1958. (Ed. D., Wayne 
State University, 1957. L. C. Card No. Mic 
58-1172.) 

Used as criterion measures two specially 
constructed tests, one oral and one written, 
administered to 100 children (60 boys and 
40 girls) within the first 23 months of their 
kindergarten school year. Summarized 13 
findings and conclusions, including one 
that pointed to a slight advantage held by 
boys in comparison with girls in relation to 
number concepts possessed upon entrance 
into kindergarten. 

3. BorsucH, BARBARA JANE NEARY. “‘Sib- 
ling Resemblance in Reading and Arith- 
metic.” Dissertation Abstracts 19: 1288-1289; 
December 1958. (Ph.D., University of 
Michigan, 1958. L. C. Card No. Mic 58- 
7686.) 

Data derived from four analyses (three 
longitudinal and one cross-sectional) of 
test scores and related information on 294 
children from 120 families. In general, con- 
cluded that “... for rate of achievement 
growth in reading and in arithmetic, siblings 
and families are significantly more alike 
than unrelated individuals and different 
families.” 

4. Burry, Haroitp ELitswortH. “An 
Analysis of Early American Arithmetic 
Textbooks Through 1810.” Dissertation Ab- 
stracts 18: 2049-2050; June 1958. (Ph.D., 
University of Pittsburgh, 1958. L. C. Card 
No. Mic 58-2020.) 

Findings are based on an historical-docu- 
mentary study of 65 arithmetic textbooks 
published through 1810. Among other 
things, lists 26 separate topics commonly 
appearing in the textbooks studied. 

5. CarTEeR, Cieo Doris. “The Relation- 
ship between Personality and Academic 
Achievement (Reading and Arithmetic) of 
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Seven-Year-Olds.”’ Dissertation Abstracts 19: 
1027; November 1958. (Ed. D., Indiana 
University, 1958. L. C. Card No. Mic 58. 
5204.) 

Findings and conclusions based on data 
from 196 seven-year-olds who were given the 
following tests: California Test of Person- 
ality, California Short-Form Test of Mental 
Maturity, and California Achievement Test; 
socio-economic status was determined by 
using the Warner Status of Characteristics 
Index. “It must . . . be concluded that there 
is no significant relationship between per- 
sonality (personal and social adjustment) 
and academic achievement (arithmetic and 
reading), when the latter measure is adjusted 
for difference in intelligence.”’ It also was 
concluded that “ . . . the correlation of aca- 
demic achievement with intelligence and 
personality jointly does not appear to be sig- 
nificantly better than the correlation of aca- 
demic achievement and intelligence alone.” 

6. Evans, Forrest Furman. “The Effects 
of a Summer Camp Arithmetic Enrichment 
Program.” Dissertation Abstracts 18: 163-164; 
January 1958. (Ed.D., George Peabody 
College, 1957. Publication No. 24,466.) 

Findings and conclusions based on data 
from 30 matched pairs of boys, one group of 
whom had six weeks of summer camp arith- 
metic enrichment experiences. Found that 
boys with the enrichment experience lost 
significantly less in arithmetic ability during 
the summer than did those without the en- 
richment experience, with less loss in arith- 
metic reasoning than in arithmetic compu- 
tation. Found that the greater the participa- 
tion in enrichment experiences, the less the 
loss in arithmetic ability. Found no signifi- 
cant difference in amount of participation 
in enrichment experiences between high ana 
low IQ groups. Found that boys in high IQ 
group lost more in arithmetic ability than 
those in low IQ group. 

7. Hupson, FLoreine Herron. “‘A Study 
of an Enrichment Program in Arithmetic 
for Children in the Fourth Grade.” Disser- 
tation Abstracts 18: 958-959; March 1958. 
(Ed.D., Alabama Polytechnic Institute, 
1957. Publication No. 23,967.) 
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Findings and conclusions based on data 
from 610 fourth-grade children, separated 
into experimental and control groups, over a 
12-week period. Concluded that: “The 
typical class should show gain in arithmet- 
ical reasoning ability when enrichment is 
employed. The class may be expected to ad- 
vance six or seven months within a three- 
month period of instruction. The normal 
children should profit more than the others. 
Although all intelligence levels did not show 
gains, no group may be expected to suffer 
any hardship from the use of enrichment 
materials.”’ Also concluded that: “Teachers 
find enrichment materials useful for stimu- 
lating and maintaining interest. Children 
seem to gain more desirable attitudes toward 
arithmetic through using enrichment ma- 
terials.” 

8. Jones, Emity Katuryn. “An Histori- 
cal Survey of the Developmental ‘Treatment 
of Vulgar Fractions in American Arith- 
metics from 1719 to 1839.” Dissertation Ab- 
stracts 18: 138-139; January 1958. (Ph.D., 
University of Pittsburgh, 1957. Publication 
No. 24,745.) 

This historical-documentary study in- 
volved 110 books which were analyzed in six 
chronological periods: the period prior to 
1789, and each of the five succeeding dec- 
ades to 1839. Specific findings obviously 
cannot be mentioned in this annotation. 

9. KnicHt, LyMAN CoLeman. “A Study 
of the Effectiveness of the Subject Matter of 
Modern Mathematics in the Preparation of 
Elementary School Teachers.” Dissertation 
Abstracts 19: 1299; December 1958. (Ed.D., 
University of Pittsburgh, 1958. L. C. Card 
No. Mic 58-5616.) 

Findings and conclusions based on data 
involving 59 college students taught by the 
same professor—30 of 
“|. . taught a course in elementary mathe- 
matics with the content and spirit of modern 
mathematics,” and 29 of whom 
“... taught a traditional college review 
course of the fundamentals of arithmetic, 
basic ideas of geometry, and algebra.”’ It 
was concluded that: ‘‘For prospective ele- 
mentary teachers with little mathematics 
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background in high school, the subject 
matter of modern mathematics is more effec- 
tive than traditional mathematics in devel- 
oping mathematics reasoning and in devel- 
oping computational skills.” Also: “The 
preference for mathematics, and the attitude 
of the students in class is more favorable 
with the subject matter and point of view of 
modern mathematics than with that of tra- 
ditional mathematics.” 

10. Lowry, WiLLIAM Cart. “The Impli- 
cations of the Theory of Operationism and of 
Some Studies in Psychology and Anthropol- 
ogy for the Teaching of Arithmetic.” Dzs- 
sertation Abstracts 18: 961; March 1958. 
(Ph.D., Ohio State University, 1957. L. C. 
Card No. Mic. 58-549.) 

Findings and conclusions based on analy- 
sis of relevant literature and research, and a 
study of the way in which 13 present-day 
arithmetic series develop early number 
experiences. Recommends greater emphasis 
upon an operational development of mathe- 
matical meanings in relation to the manipu- 
lation of objects, and greater attention to the 
recognition of small-group sizes by visual 
perception (‘‘subitizing’’) in place of count- 
ing. 

11. McDermott, Leon Anson. “‘A Study 
of Some Factors that Cause Fear and Dislike 
of Mathematics.” Dissertation Abstracts 19: 
71; July 1958. (Ed.D., Michigan State Uni- 
versity, 1956. L. C. Card No. Mic 58-2362.) 

Findings and conclusions based on a case- 
study method applied to 41 college students, 
**34 of whom had developed a fear of mathe- 
matics and seven of whom were proficient in 
the subject.”” Among the numerous findings 
and conclusions, special attention is directed 
to this one: ‘‘Most students having fear and 
dislike of mathematics met with frustration 
in the elementary grades.” 

12. O’DonnELL, JOHN Robert. “Levels 
of Arithmetical Achievement, Attitudes to- 
ward Arithmetic, and Problem Solving Be- 
havior Shown by Prospective Elementary 
Teachers.’ Dissertation Abstracts 19: 1300; 
December 1958. (Ed.D., Pennsylvania State 
University, 1958. L. C. Card No. Mic 58- 
7296.) 
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Findings and conclusions based on data 
from 109 college seniors in elementary edu- 
cation who were measured by the California 
Achievement Test, Mathematics Section; 
the Remmers “Scale to Measure Attitude 
toward Any School Subject’; and an oral 
problem-solving interview procedure. Cites 
10 major findings and conclusions, these 
among them: “ ... attitude toward arith- 
metic and a liking for or a disliking for the 
subject appear to be somewhat different 
concepts. Students sometimes score high on 
an attitude toward arithmetic scale but ex- 
pressed a dislike for the subject... . Atti- 
tude toward arithmetic showed only a low 
correlation with arithmetical achievement 
and arithmetical] problem solving behavior.” 

13. Post, RicHarp. “A Study of Certain 
Factors Affecting the Understanding of 
Verbal Problems in Arithmetic.’ Disserta- 
tion Abstracts 19: 90-91; July 1958. (Ph.D., 
Columbia University, 1958. L. C. Card No. 
Mic 58-2242.) 

Findings and conclusions based on a study 
of the problem solving behavior of 176 fifth- 
and sixth-grade children in relation to six 
factors: size of numbers, superfluous numeri- 
cal data, familiarity of setting, number of 
steps, type of operation, and symbolic terms. 
“The results of the study indicated that the 
three most important factors affecting the 
understanding of verbal problems were the 
type of operations involved in the problem, 
the familiarity of the problem setting, and 
the presence of superfluous numerical data 
in the problem. The study did not yield any 
conclusive results on the effects of the re- 
maining three factors although there was 
some evidence to indicate that the effect of 
symbolic terms was negligible.” 

14. Rappaport, Davin. “An Investiga- 
tion of the Degree of Understanding of 
Meanings in Arithmetic of Pupils in Se- 
lected Elementary Schools.”’ Dissertation Ab- 
stracts 18: 1322-1323; April 1958. (Ed.D., 
Northwestern University, 1957. Publication 
No. 24,938.) 

See reference No. 18 in Section I of the 
present summary of “Research on Arith- 
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metic Instruction—1958” for an annotation 
of this study. 

15. Rupp, Lonre EpcGar. ‘Growth of 
Elementary-School Teachers in Arithmetical 
Understandings Through In-Service Pro- 
cedures.’ Dissertation Abstracts 18: 947; 
March 1958. (Ph.D., Ohio State University, 
1957. L. C. Card No. Mic 58-565.) 

Findings and conclusions based on data 
from 30 teachers who participated in an 
eight-session in-service course built around 
the development of 72 arithmetical under- 
standings. The effectiveness of the in-service 
course was measured in various ways, with 
“strong emphasis . . . placed upon the im- 
proved classroom procedures of these teach- 
ers as a measure of their growth in arith- 
metical understandings.’’ Offers conclusions 
and recommendations regarding programs 
of in-service education relative to arith- 
metical understandings. 

16. SHipp, DonALD EuceEne. ‘“‘An Experi- 
mental Study of Achievement in Arithmetic 
and the Time Allotted to Development of 
Meanings and Individual Pupil Practice.” 
Dissertation Abstracts 19: 492; September 
1958. (Ph.D., Louisiana State University, 
1958. L. C. Card No. Mic 58-2850.) 

Findings and conclusions based on data 
from four matched groups at the fourth-, 
fifth-, and sixth-grade levels that followed 
four different developmental-practice time- 
proportion patterns during a_ 12-week 
period. These four patterns allotted the 
following proportions of class time to devel- 
opmental work, with the remainder of class 
time in each pattern devoted to practice 
work: 75%, 60%, 40%, and 25%. Pre- and 
end-experimental measures of arithmetic 
ability were made with the ‘‘Silver Burdett 
Achievement Tests,” which provided scores 
on arithmetic understanding, on computa- 
tional skill, on problem solving, and on over- 
all arithmetic achievement. “Significant dif- 
ferences were found in the achievement of 
the sections in all three grades. . . . Pupils in 
the groups that devoted 75 per cent or 60 
per cent of their class time to developmental 
work achieved significantly higher on total 














score than pupils in groups that devoted a 
lesser per cent of class time to developmental 
work. Pupils in these same groups achieved 
significantly higher on understanding arith- 
metic and on computational skill. Differ- 
ences between the treatments on problem 
solving were not found to be significant to 
this study. Tests of the significance of the 
interaction effects of the treatments and 
levels [of mental ability: high, average, low] 
did not show the effects of the treatments to 
be different at the three ability levels. The 
results of this study seem to justify a conclu- 
sion that if 60 to 75 per cent of arithmetic 
class time is devoted to developmental ac- 
tivities in the middle elementary grades then 
pupils will tend to show maximum achieve- 
ment on a general achievement test in 
arithmetic.” 


Observations Regarding Section 
II, Part A 


It was observed that almost one-third of 
these 16 studies dealing with or related 
closely to mathematics instruction at the 
elementary-school level were completed at 
two institutions: three at the University of 
Pittsburgh and two at The Ohio State Uni- 
versity. The remaining 11 studies were com- 
pleted at as many different colleges and 
universities. 

As seen in the tabulation below, the 
area of teacher education was investigated 
more frequently than any other area. Four 
of the 16 studies were devoted to one or more 
aspects of the mathematical background, 
preparation, and competence of elementary- 
school teachers at either the pre-service or 
the in-service level. 


Arithmetic Achievement in Relation to Per- 
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Attitudes toward Mathematics....... asoiie Gee 
Enrichment Programs and Experiences. ...... 6.7 
Mathematical Understandings Possessed by 
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Number Abilities of Young Children. 2,10 
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Sibling Resemblance in Arithmetic.......... 3 


Teacher Education...... 1,9, 12, 15 
Textbook Analyses from an Historical Stand- 
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Time Allotments for Developmental and Prac- 
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Some of these 16 studies appear to have 
more than mean import for the teaching and 
learning of arithmetic, and are deserving of 
careful scrutiny and possible further investi- 
gation. 

Part B. The studies listed below represent 
those, in addition to any that appeared in 
Dissertation Abstracts to date, that were re- 
ported to the writer as having been com- 
pleted in the field of arithmetic in connec- 
tion with doctoral degrees awarded during 
the calendar year of 1958. 

1. CarLtos, CarmMeNn B. “A Study of 
Some Basic Guiding Principles in Teaching 
Selected Aspects of Elementary Arithmetic 
with Implications for Educational Practice 
and Teacher Education in the Philippines.” 
(Ed.D., Indiana University, 1958.) 

2. CHasE, CuinTon I. ‘The Relationship 
of Certain Skills and Intellectural Factors to 
Problem-Solving in Arithmetic.” (Ph.D., 
University of California at Berkeley, 1958.) 

3. DAMGAARD, GENEVIEVE TURNER. “A 
Study to Determine the Significance of a 
Mental Arithmetic Program for Grade Six.” 
(Ed.D., Colorado State College, 1958.) 

4. Denny, Ropert May. “A Two-Year 
Study of the Effects of an Increased Time 
Allotment upon Achievement in Arithmetic 
in the Intermediate Grades.” (Ed.D., Colo- 
rado State College, 1958.) 

5. Lawson, JOHN HERBERT. “The Con- 
struction and Revision of an Arithmetic Vo- 
cabulary Test for Grades Four, Five, and 
Six.” (Ed.D., Boston University, 1958.) 

6. Leno, Ricuarp S. “Children’s Meth- 
ods of Problem Solving in Arithmetic.” 
(Ed.D., Stanford University, 1958.) 

7. SpENcE, EucEnt S. “‘Intra-class Group- 
ing of Pupils for Instruction in Arithmetic in 
the Intermediate Grades of the Elementary 
School.” (Ed.D., University of Pittsburgh, 
1958.) 

From all indications at least six of these 
seven investigations will be listed and sum- 
marized in one or another of the 1959 issues 
of Dissertation Abstracts. 








Concluding Statement 


The following statements were made by 
the writer in connection with his two previ- 
ous research summaries for THE ARITHMETIC 
TEACHER: 

“‘Numerous things are needed to improve 
the effectiveness and impact of our future 
research efforts. Among these only two will 
be mentioned. . . . First, there is need for a 
more thoughtful identification of the truly 
crucial issues or problems we face in the 
teaching and learning of arithmetic in the 
elementary school. Second, there is need for 
more coordination of research attack from 
various sources upon these commonly recog- 
nized crucial aspects of arithmetic instruc- 
tion.’’® 

“Those who engage in research work 
should sense a definite obligation to do at 
least two things: (1) to report their research 
so that it may be of wider benefit than would 
be the case otherwise, and (2) to report their 
research in such a way that it actually tells 
the research story adequately. The overall 
quality of arithmetic instruction will be im- 
proved in direct proportion to the extent 
that research workers accept these obliga- 
tions in good faith.’’? 

It was encouraging to the writer to find 
these points of view reinforced by Brown 
during the past year, when he stated: 

“Research reflects three important needs 
in mathematics education. First, the identifica- 
tion of the crucial problems. . . . Second, greater 
coordination of effort in attacking the identified 
problems. .. . Third, publication and wide dis- 
tribution of research.” 

“Future advancement in the teaching of 
mathematics will depend upon the extent to 
which we identify the crucial problems, co- 
ordinate our efforts to solve them, and make 
the results known to the classroom teacher.” ® 

® Weaver, J. Fred. “Six Years of Research on 
Arithmetic Instruction: 1951-1956.” Tue ArirH- 
METIC TEACHER 4: 99, April 1957. 

7 Weaver, J. Fred. “Research on Arithmetic In- 


struction—1957.” THe ARITHMETIC TEACHER 5:118; 
April 1958. 
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Volume of a Cone in X-Ray 


Manipulative materials: A cone made of 
cellulose or some 
transparent material ey 
that will retain its 
shape, a_ cylinder 
made of the same ma- 
terial having, of 
course, the same 
height and circumference and sawdust to be 
used to fill the figures. 

Having learned how to find the volume of 
a cylinder, pupils can through the following 
performance proceed to an understanding 
of how to find the volume of a cone. Let the 
pupils fill the cone to the brim with sawdust 
and then pour it into the cylinder. Upon 
measuring they'll lend accuracy to their ob- 
servation that only 4 of the cylinder is filled, 
and through further experience pupils will 
see that the cylinder holds three times as 
much as the cone. Incidentally, it will help 
considerally toward clarification if the pu- 
pils mark each third of the cylinder with 
a color. Through questioning as well as ac- 
tual performance, pupils will arrive at the 
conclusion that since the cone is 4 the size 
of the cylinder, it will logically follow that 
the volume of a cone will be } the volume of 
a cylinder, and hence the formula: V = $ar*h. 

The advantage to be found in the use of 
these manipulative materials is the direct 
experience the pupils have in seeing as well 
as participating in actual solution of their 
problem. 

Contributed by 


Sister M. Vincent 
Cleveland, Ohio 





8 Brown Kenneth E. Analysis of Research in the 
Teaching of Mathematics: 1955 and 1956. U. S. De- 
partment of Health, Education, and Welfare; Office 
of Education. Bulletin 1958, No. 4. Washington, 
D. C.: U. S. Government Printing Office, 1958. p. 
23. 
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Providing Mental Arithmetic Experiences 





FRANCES FLoURNOY* 


University of Texas, Austin 


B: A FOURTH GRADE STUDENT, is moving 
along with the cafeteria line. He is try- 
ing to add up his bill as he goes along. He 
wants to keep within the 35¢ he has to spend 
for lunch. His soup costs 7¢, sandwich 154, 
milk 8¢. A few more steps and he will be at 
the dessert counter. Ice cream is 8¢. He 
doesn’t want to hold up the line. What 
should he do? He is trying to figure, “‘Is 
there enough money left for ice cream?” 

The teacher was reading to the third 
grade class about the kangaroo. Jane heard 
the teacher say, “‘The kangaroo is about 
seven feet tall and can bound along in leaps 
of 20 feet each.”” Jane knew that seven feet 
was taller than her dad, but she wondered 
about 20 feet. Is that a very long leap? Then 
she heard the teacher ask, “How does a 
length of 20 feet compare with the length of 
our classroom?” Jane did not know; she 
wondered how long the classroom was. 

Paper and pencil should seldom be neces- 
sary for solving or interpreting many such 
simple quantitative situations occurring in 
activities of everyday life. Is arithmetic being 
so taught in our schools that pupils are made 
competent in handling mental arithmetic! 
situations met in other subject areas and in 
life outside the school? It is doubtful that 
even the very best teaching of arithmetic 
with emphasis only on written arithmetic 
equips pupils to handle the mental arithmetic 
situations of life. 

The swing toward little or no emphasis on 
mental arithmetic about the beginning of the 
twentieth century seems to have arisen be- 
cause of an over-emphasis on mental arith- 


* This paper was presented at the National Coun- 
cil of Teachers of Mathematics in New York City, 
December 30, 1958. 

' As used here mental arithmetic has reference to 
the interpreting or solving of quantitative situations 
without the aid of paper and pencil. 
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metic during the latter part of the nineteenth 
century. In 1918, David Eugene Smith? 
wrote: 

About the middle of the last century mental arith- 

metic underwent a great revival largely through the 
influence of Pestolozzi in Europe and Warren Col- 
burn in this country, in each case as a protest 
against the intellectual sluggishness, lack of reason- 
ing and slowness of operation of the old written 
arithmetic. For a long time the oral form was em- 
phasized, in America doubtless unduly so; and this 
was naturally followed by such a reaction that it 
lost practically all of its standing. 
As a result mental arithmetic has received 
very little attention in our schools during the 
first half of the twentieth century. Within the 
last few years more attention has been given 
to the need for developing mental arith- 
metic ability; however, we do not yet seem 
to be providing pupils with sufficient mental 
arithmetic experiences to equip them to 
handle life’s needs for this ability. 


Uses of Mental Arithmetic in 
Daily Life 


A widely accepted principle of curriculum 
construction is the social utility theory. This 
theory states that the curriculum should in- 
clude experiences and content that are simi- 
lar to, and which prepare the individual for, 
meeting the problems encountered in every- 
day activities. What uses for mental arith- 
metic are encountered in everyday life? It is 
a matter of common experience and obser- 
vation that life presents many uses for men- 
tal arithmetic. To my knowledge, however, 
there has been no really thorough study of 
the uses of mental arithmetic in daily life. 
A recent study* reported on the uses of both 


2 David Eugene Smith, “Mental Arithmetic.’ A 
Cyclopedia of Education, Vol. 1V, Macmillan Com- 
pany, New York, 1918, pp. 195-196. 

* Edwin Wandt and Gerald W. Brown, ‘‘Non- 
Occupational Uses of Mathematics.”? THe Arrru- 
METIC TEACHER, Vol. 4, October 1957, pp. 147-154. 
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mental and written arithmetic during a 24 
hour period by 147 students enrolled in 
several college classes. Only applications of 
arithmetic in which some type of computa- 
tion was involved were recorded. In this 
study 75% of the uses recorded were mental 
and 25% were with paper and pencil. The 
uses of arithmetic recorded were further 
analyzed as 48% mental with exact answers 
compared to 27% paper-and-pencil with 
exact answers and 27% mental with ap- 
proximate answers compared to 4% paper- 
and-pencil with approximate answers. 
Though not a long-range nor wide-spread 
study of written and mental arithmetic uses, 
this studyindicated that non-occupational 
uses of arithmetic may, to a large degree, 
require mental arithmetic. 

During a period of one week, four teach- 
ers (one teacher each in grades 3, 4, 5, and 
6) cooperated in a study of children’s uses of 
arithmetic in school and outside of school. 
One hundred twelve children reported 116 
incidents of arithmetic usage during the 
week. Some uses were by the whole class in 
other areas of the school program. It is to be 
expected that these children overlooked 
many individual uses made of arithmetic 
during the week though daily reports were 
made. Nevertheless, 83 of the 116 reported 
uses or 71.6% were reported as being per- 
formed without paper and pencil. Of the 83 
mental arithmetic uses reported, 84.3% were 
reported as being solved for exact answers. It 
is expected that even greater use would be 
made of mental arithmetic if children felt 
confident in solving number situations with- 
out the aid of paper and pencil. 

A study of the uses of mental arithmetic as 
reported by these children revealed the fol- 
lowing types of uses. Though the sampling 
of pupils was very small, it is felt that the 
types of uses are typical. 


1. A problem situation in which one needs to arrive 
at an exact answer— 
a. Bought a loaf of bread for 24¢; gave the man 
$1.00; checked change. 
b. How many pages to be read from page 91 to 
103? 


c. With 10 in each group and 4 groups, how 
many Brownie bows have I made? 





d. Need $.35 for school supplies; have 10¢. How 
much more do I need? 

e. Left Columbus, Texas at 6:20 p.m. and ar- 
rived in Port Lavaca, Texas at 8:08 p.m. How 
much time did the trip take? 

2. A problem situation in which one needs only to 
arrive at an approximate answer— 

a. In the magazine contest, it takes about 10 
points to get one prize. About how many 
prizes can I get with 34 points? 

b. I visited my mother in the Victoria hospital 8 
times while she was ill. One way to Victoria 
is 28 miles. About how many miles did | 
travel altogether? 

c. My mother ran out of gas and had to have 6 
gallons delivered. They charged $2.00. Was 
this more than 6 gallons would cost at the serv- 
ice station at about 33¢ a gallon? 

3. Interpreting quantitative statements, as such 
quantities are read or heard, in terms of a 
familiar ‘‘reference measure”? as: 

a. Our Christmas tree is 5 feet 5 inches tall. Is 
this taller than our teacher? 

b. I read in the geography book that Rhode 
Island is 1,058 sq. mi. in area; Texas has 
about 267,000 sq. mi. How do these two 
states compare in size? 

4. Miscellaneous uses of number involving no com- 
putation (meaning no use of the four fundamen- 
tal processes) as: 

a. Checked clock to see if it were time for Daddy 
to come home. 

b. Counted money in my bank to see how much 
I had for buying presents. 

c. How many minutes until recess? 

d. Paid admission to the movies. 

Took our 6-weeks’ measures of weight and 

height. 

f. Read the thermometer on the back porch. It 
was 34°, 


9 


Reading and using tables, graphs, and 
scales, as found in the context of encyclo- 
pedias, newspapers, and factual social stud- 
ies and science books may be classified as a 
type of activity involving mental arithmetic. 

This use for numbers was not reported 
during the one week study by any one of the 
four teachers. It is highly possible that this 
use of numbers was overlooked by the teach- 
ers for it is most unusual not to have some us¢é 
of tables, graphs, or scales occur in the social 
studies of grades 4, 5, and 6 during any one 
week. 

Though some reports were made of using 
mental arithmetic in interpreting quantita- 
tive statements, very few incidents of this 
kind were reported by the four classes. Again 
it is highly probable that this use of or need 
for mental arithmetic is frequently over- 
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looked. Teachers sometimes fail to take ad- 
vantage of the opportunity to encourage and 
teach children to interpret the quantitative 
statements that occur in social studies and 


science reading materials. Ernest Horn‘ 
reported that in one sampling of geography 
textbooks, the incidence of quantitative 
statements ran as high as one word in seven 
to a page. Horn included indefinite quanti- 
ties (such as, several, many, few, heavy, 
thick) as well as definite quantities. 

Another investigator’ surveyed the defi- 
nite quantities (not including tables, graphs, 
and scales) occurring in a sixth grade social 
studies textbook and a sixth grade science 
textbook (as these were used during a period 
of four months) and in four issues of the ele- 
mentary edition of World News Week. 
Twenty-six definite quantitative statements 
referring to heights were found. There 
were 79 statements involving populations. 
Thirty-seven definite quantitative state- 
ments about area were discovered and 47 
statements were found which involved defi- 
nite quantities of distance. Therefore, it was 
necessary to interpret 189 definite quantita- 
tive statements. The incidence of quantita- 
tive statements seems to run very high in 
social studies and science materials and it 
seems highly probably that such statements 
are not understood at all by many pupils; in 
fact, the learner may hardly be conscious of 
their presence. 


Children’s Ability in 
Mental Arithmetic 


Does the usual arithmetic program, with 
its stress on written arithmetic, equip the 
pupil to perform simple computations and 
solve simple problem situations without the 


‘Ernest Horn, “Arithmetic in the Elementary 
School Curriculum.” The Teaching of Arithmetic, p. 
10. Fiftieth Yearbook of the National Society for the 
Study of Education, Part 2, Chicago: Distributed 
by the University of Chicago Press, 1951. 

* Merle T. Ward, Developing Reference Measures for 
Interpreting Definite Quantitative Statements in Social 
Studies and Science Materials in a Sixth Grade Class. Un- 
eh, Master’s Thesis, The University of Texas, 

58. 
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aid of paper and pencil? There is very little 
research evidence which compares ability in 
performing written arithmetic with perform- 
ance in mental arithmetic. 

In 1913® David Eugene Smith wrote: 


It is a fair inference from statistical investigations 
that a person may be rapid and accurate in written 
work but slow and uncertain in oral solutions. 
Therefore, it will not do, from a practical stand- 
point, to drill children only in written arithmetic if 
we expect them to be reasonably ready in purely 
mental work. 


In a study’ conducted with approximately 
550 pupils in 19 sixth grade classrooms, the 
mean score on a 24-item mental computation 
test involving only addition, subtraction, 
multiplication, and division of whole num- 
bers was 8.84. On a similar written compu- 
tation test the mean score was 15.20. Though 
the same kinds of items were included on 
both tests, the numbers involved 
smaller and the computation much less 
complicated on the without-paper-and-pen- 
cil mental test; yet there was more than six 
items of difference in the mean scores on the 
mental and written test. The lower mean 
score on the mental computation test was 
taken as at least partial evidence that these 
sixth grade pupils lacked sufficient ability to 


were 


perform simple computation when working 
without paper and pencil. 

After a period of about two months during 
which about ten minutes per day were given 
to mental arithmetic exercises, the same 24- 
mental computation test was administered 
again to the 550 sixth grade pupils and a 
mean score of 13.85 correct was achieved. 
This was a mean score increase of 5 items 
and the difference was significant at the .1% 
level of confidence. The increase in mean 
score on the written computation test was 2.5 
items, from 15.20 to 17.62. The data seem 
to indicate that pupils will not achieve in 
mental arithmetic in accordance with their 


6 David Eugene Smith, The Teaching of Arithmetic. 
Ginn and Company, Boston, 1913, p. 55. 

7 Frances Flournoy, A Study of the Effectiveness of an 
Oral Arithmetic Program Prepared for Use at the Inter- 
mediate Grade Level. Unpublished doctor’s disserta- 
tion, State University of Iowa, 1953. 
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ability to achieve unless they are given 
specific classroom experiences with mental 
arithmetic. Ability in  paper-and-pencil 
arithmetic does not guarantee comparable 
ability in work without paper and pencil. 

Using two sixth grade classes of about 
equal ability in arithmetic achievement, a 
comparison was made of pupils’ ability to 
interpret definite quantitative statements. ® 
An 18-item test was administered to the two 
classes. One of the classes had received about 
three weeks instruction on_ interpreting 
quantitative statements; whereas, the other 
class had received only incidental attention 
to the interpretation of definite quantitative 
statements occurring in social studies and 
science reading materials. 

The test consisted of two parts. Part A 
consisted of such items as, ‘The electricity 
for Los Angeles comes from a dam project 
250 miles away,” and the pupils were to 
interpret the statement in terms of a 250 mile 
distance familiar to them, such as, ‘‘This is 
like it would be if Austin got its electricity 
from a dam project at Dallas.”” On Part B of 
the test, the pupils were expected to “‘round”’ 
certain large numbers and to make com- 
parisons without using paper and pencil. 
The pupils were given the “‘rounded”’ area 
of the United States (3 million square miles) 
and were expected to “round” other un- 
familiar given areas, such as . . . the Repub- 
lic of India—1,221,880 square miles... 
and compare the two areas. The pupils were 
also given the “rounded” population of 
Texas (8 million people) and were asked to 
‘“‘round” some less familiar population as 
. . » 19,856,000 people living in Burma .. . 
and compare the two populations. 

The class of 28 sixth grade pupils who had 
received about three weeks instruction on 
interpreting quantitative statements 
achieved a mean score of 15 items correct on 
the 18-item test. The range was from 18 to 6 
items correct or acceptable. The other class 
of 34 sixth grade pupils who had received 
only incidental attention to interpreting 
quantitative statements achieved a mean 


8 Merle T. Ward, Ibid. 
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score of 9.24 items correct with a range from 
14 to 1 correct or acceptable. As expected, 
the class having specific experience with 
interpreting quantities performed much 
better than pupils having only incidental 
attention. This skill has to be taught; it isn’t 
just caught. 


Textbook Provisions for Develop- 
ing Mental Arithmetic Ability 


Do arithmetic textbooks provide a suffi- 
cient program of experiences with mental 
arithmetic? Considering the fact that per- 
haps 75% or more of the non-occupational 
uses and perhaps a large element of the occu- 
pational uses of arithmetic may be mental, it 
seems important to consider textbook pro- 
visions for developing mental arithmetic 
ability. 

An examination® of six fifth grade arith- 
metic textbooks published in recent years 
was made. Each of the books ranged in num- 
ber of pages from about 300 to 350. The 
highest number of pages in a single book 
providing mental arithmetic exercises was 
found to be 43, with the lowest being 9 pages. 
Each of the six books provided some compu- 
tation practice with estimating answers, 
some practice in estimating answers to word 
problems, and practice in interpreting 
graphs and scales. Those books providing 
similar types of exercises varied greatly in 
the amount of practice provided. For exam- 
ple, in providing computation practice in 
estimating answers, one book was found to 
provide nine pages with exercises of this 
kind. Three other books included only one 
page each on this type of practice. Only one 
textbook included exercises on interpreting 
quantitative statements using “reference 
measures.”” However, two recent textbook 
series begin in grade six to give attention to 
developing ability to interpret quantitative 
statements. One text'® includes seven pages 


® Frances Flournoy, “Developing Ability in Men- 
tal Arithmetic,” THe ArtrHmMetic TEACHER, Vol. 4, 
October, 1957, pp. 147-150. 

10 Jesse Osborn, Adeline Riefling, and Herbert F. 
Spitzer, Exploring Arithmetic, Grade 6, Webster Pub- 
lishing Co., St. Louis, 1957, pp. 64-65, 74, 75, 169- 
170, 190. 
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with exercises of this kind; the other text" 
provides three pages of such exercises. This 
survey of arithmetic textbook provisions 
indicates a probable inadequacy as to 
amount and kinds of mental exercises pro- 
vided. 


Suggestions for Developing 
Mental Arithmetic Ability 


In accordance with the probable needs 
for mental arithmetic in everyday life, with 
what types of mental arithmetic experiences 
should pupils be provided? It appears that 
the following types of exercises if systemati- 
cally provided the elementary 
grades should contribute to developing pupil 
ability to handle the mental arithmetic 
situations met in everyday life activities: 

1. CompuTATION—This includes: 

a. Learning short-cuts to adding, sub- 
tracting, multiplying, and dividing 
small numbers without the aid of 
paper and pencil. 

b. Practice in computing for exact an- 
swers without the aid of paper and 
pencil both when the pupil sees the 
numbers to be used and only when he 
hears the numbers 

. Rounpinc NumBers—This includes: 

a. Learning reasons for and advantages 
in using rounded numbers. 

b. Learning to judge when to use 
rounded numbers and when to use the 
exact numbers. 

c. Practice in rounding numbers. 


through 


Nm 


d. Practice in estimating answers with 
rounded numbers. 

3. PROBLEM-SOLviING—lIncluding: 

a. Practice in solving, without the aid of 
paper and pencil, problems read by 
the pupil from the textbook. 

b. Practice in solving problems read 
aloud by the teacher. 

c. Practice in constructing problems 
from everyday situations (that can be 
solved without the aid of paper and 
pencil). 

"Guy T. Buswell, William A. Brownell, and 


Irene Sauble, Arithmetic We Need, Grade 6, Ginn 
and Co., Dallas, 1955, pp. 73-75. 





APRIL, 1959 137 


4. INTERPRETING QUANTITATIVE STATE- 


MENTS—Including: 


a. Realizing the importance of properly 
interpreting quantitative statements 
found in reading reference materials. 

b. Experience in selecting suitable “refer- 
ence measures.” 

c. Experience in using rounded numbers 
and making comparisons between 
familiar and unfamiliar measures. 

5. READING AND Usinc Data presented in 
tables, graphs, and scales. 

In giving pupils experience with short- 
cut methods* of performing the four funda- 
mental processes without the use of paper 
and pencil, pupil sharing of different ways of 
thinking seems to encourage children to try 
short-cut or varied ways of thinking and to 
find ways most successful for each individual. 
A study'? was made which compared the 
‘before instruction’ methods used by pupils 
in grade six in performing each of the four 
fundamental processes, without the use of 
paper and pencil, with the “after instruc- 
tion” methods. More than 150 pupils wrote 
explanations of ways of thinking before 
and after instruction on varied ways of 
thinking. Before instruction which suggested 
ways of thinking without paper and pencil 
and giving pupils opportunity to share 
ways of thinking, the way most often used 
was a paper and pencil procedure. For 
example, in adding 43 and 28 most of the 
pupils were thinking without paper and 
pencil just as with paper and pencil.... 
“T added 3 and 8. This is 11. I put down 
1 and carried 1. This made 1+4+2 which 
is 7. I got 71 for an answer.” Before instruc- 
tion in short-cut or varied methods for 
mental arithmetic, approximately 85% of 
the pupils were using a paper and pencil way 
of thinking on each of the four fundamental 


* As used here a “short-cut method” means a 
method which differs from the regular paper and 
pencil method. Sometimes it may not actually be 
shorter but it may be an easier way of thinking when 
not using paper and pencil. 

12 Frances Flournoy, “‘A Study of the Effectiveness of 
an Oral Arithmetic Program.’ Unpublished doctor’s 
dissertation. 
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processes. After instruction in short-cut 
methods of thinking there was a wide-spread 
change to the use of other ways of thinking 
when not using paper and pencil. On the 
processes of adding, subtracting, and mul- 
tiplying about 23% of the pupils continued 
to use after two months the longer paper 
and pencil ways as compared to the ap- 
proximately 85% who had used the longer 
ways in the beginning. However, there 
was very little change to the shorter or 
different ways of thinking when dividing 
whole numbers. It is highly possible that 
children do not understand the division 
process well enough to understand the 
short-cut procedures or at least varied pro- 
cedures which may be easier when not using 
paper and pencil. 

After instruction on how to add without 
using paper and pencil, pupils were using 11 
different ways of arriving at the answer in- 
cluding the longer paper and pencil proce- 
dure. In adding 34 and 48, the majority of 
pupils were using one of two methods: 


(a) 30+40=70; 8+4=12; 70+12=82 
(b) 30+48=78; 78+4=82. 


After instruction in how to subtract with- 
out paper and pencil, pupils were using 10 
different methods. In subtracting 24 from 
62, the majority of pupils were using one 
method of thinking which was: 


62—20=42; 42—4=38. 


After instruction on how to multiply 
without paper and pencil, pupils were using 
about 5 different ways of arriving at an 
answer. For the example, 16X11, the ma- 
jority of pupils were using one of two meth- 
ods. Almost half of the 150 pupils used this 
method: 


16X10=160; 16X1=16; 160+16=176. 


And about half the pupils multiplied 11 by 
one-half the multiplier; then doubled the 
answer, as 


8X11=88; 2X88=176. 


After instruction on how to divide without 
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using paper and pencil, pupils generally 
used two ways of arriving at an answer toa 
division example. While the majority of 
pupils used the regular pencil and paper 
procedure for dividing 174 by 3, a few 
pupils (about 10%) were using the following 
procedure: 


150+3=50  24+3=8; 50+8=58, 


There is no specific evidence which offers 
proof that pupils perform mental arithmetic 
more accurately if they use short-cut or 
varied methods than if they use the regular 
paper-and-pencil way of thinking. How. 
ever, in the study reported there was a wide- 
spread change to the short-cut methods or 
away from the paper and pencil method 
with the exception of examples involving 
division; yet the gain in mean score on the 
mental arithmetic test was highly significant. 
This suggests that the change to short-cut 
or at least different methods of thinking than 
paper and pencil methods may have enabled 
pupils to give more accurate responses to 
mental computation. 

Children may misinterpret, or fail to inter- 
pret, definite quantitative statements for one 
or more reasons. Often their experiences 
have not given them familiarity with a simi- 
lar quantity which can be used as a reference 
in interpreting a quantity involved in a 
specific statement. Some children may not 
know how to make the comparison once 
they do have a familiar reference in mind. 
Often children are lacking in mental curios- 
ity regarding the quantity involved or 
simply do not have the habit of taking the 
time and effort necessary to interpret quan- 
tities as these are met in social studies and 
science reading materials, in newspapers, 
and heard on radio and TV. 

Attention to the interpretation of quan- 
titative statements as the need arises through- 
out the schoolday is undoubtedly helpful in 
developing a consciousness of quantitative 
statements and a greater curiosity about the 
meaning of various quantities in certail 
situations. However, such occasional atten- 
tion is not judged sufficient to develop skill 
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in interpreting quantitative statements. Time 
must be set aside in which attention can be 
centered on learning this skill. Since arith- 
metic textbooks seem to give pupils very 
little experience with learning to interpret 
quantitative statements, it is recommended 
that a set of reference measures peculiar to 
a certain locality should be worked out by 
each class under the guidance of the teacher 
and that pupils be taught how to use the 
reference measures to clarify quantitative 
statements. Probably the best professional 
reference regarding development of this skill 
is the Teaching of Arithmetic'® by Herbert 
Spitzer. 

The following is an example of a set of 
reterence measures!‘ developed by one sixth 
grade class. (Each reference was selected be- 
cause the pupils were somewhat familiar 
with it): 


400 people -students in Bryker Woods 
School 

people in Austin 

people in Texas 

people in the U. S. 


200,000 people 
8,000,000 people 
170,000,000 people 


267,000 sq. mi. —area of Texas 
3,000,000 sq. mi. —area of U. S. 


-walk the class took 
distance to O. Henry School 
and back 

—distance from Austin to 
San Antonio 
distance from Austin to 


1 mile 
5 miles 


75 miles 


200 miles 


Dallas 
7 feet —height of door in classroom 
32 feet —height of our flagpole 
Recommendations 


The following recommendations are of- 
fered regarding the inclusion of mental arith- 
metic experiences in the total arithmetic 
program: 


1. A variety of mental arithmetic experiences 
should be provided throughout the elementary 
grades. At present, the development of pupil 
ability in mental arithmetic is generally re- 
ceiving insufficient attention. 


‘8 Herbert F. Spitzer, The Teaching of Arithmetic, 
Houghton Mifflin Publishing Co., 1954. 
Merle T. Ward, of. cit. 


2. It seems highly plausible that pupils at the in- 
termediate grade level are capable of becoming 
adept in handling the mental arithmetic 
situations of everyday life activities. However, 
they are likely to perform much below their 
level of ability in these situations unless schools 
provide them with definite mental arithmetic 
experiences. 

3. Children will adopt short-cut or varied meth- 
ods for thinking without paper and pencil if 
given time and encouragement for exploring 
different ways of thinking. However, they are 
likely to attempt to solve mental arithmetic 
situations by a slower, difficult pencil and 
paper way of thinking if the school doesn’t 
provide experiences with other methods. Let’s 
encourage varied ways of thinking without 
paper and pencil. 

4. A special type of mental arithmetic needing 
more attention is that of interpreting quantita- 
tive statements read and heard in daily ex- 
periences in and out of school. Children need 
to be made more conscious of and curious 
about the meaning of such statements and 
need special attention to developing skill in 
interpreting these statements. 

. Present arithmetic textbooks need consider- 
able improvement regarding the amount and 
types of mental arithmetic exercises included. 
Until textbooks include more exercises of this 
kind, teachers must take the initiative in doing 
so. 


ul 


Eptror’s Note. The editor heartily commends the 
use of more ‘“‘mental arithmetic” of the type where 
pupils learn to derive conclusions and find answers 
without dependence upon paper and pencil. It is a 
sad tribute to our schools of a decade ago to see so 
many adults almost totally lost in a quantitative 
situation unless paper and pencil are at hand. Fre- 
quently a mathematical situation does not call for a 
precise answer and often an intelligent choice is all 
that is required. Dr. Flournoy points out that the 
majority of uses of mathematics seem to be of a type 
that should not require paper and pencil and that 
we ought to be doing more instruction to meet this 
need. She also calls to our attention that the typical 
paper-and-pencil procedures are not those that an 
intelligent person would use in many of the “‘mental- 
arithmetic” situations. Yes, children tend to learn 
what the schools expect of them. We can improve 
thinking with quantitative items and with simple 
computations if we work toward that end. It is most 
gratifying to see a group of pupils thinking, working, 
and discovering various modes of finding solutions 
and thus participating in the real process of educa- 
tion. We must remember too that work in arithmetic 
should not be restricted to one or the other of written 
or mental. Many circumstances call for parts of 
both procedures. But in all work we should like to 
see a great deal of thinking based upon a good un- 
derstanding of mathematical ideas, concepts, and 
principles. To gain these ends pupils must be given 
an opportunity to learn and to practice. 








Testing for Meanings in Arithmetic 


Davip RAPPAPORT 


Chicago Teachers College 


ian PROGRESS HAS BEEN MADE during 
the last twenty years in the develop- 
ment of an arithmetic program for the ele- 
mentary school that emphasizes the under- 
standing of the meanings in arithmetic. This 
program looks for insightful learning based 
on discovery rather than mechanical manip- 
ulative skill based on drill. Unfortunately, 
this advance in the teaching and learning of 
arithmetic has not been accompanied by an 
adequate evaluation instrument. How does 
one measure understanding? Can this be 
done with a paper and pencil type test? 
Many objections have been raised against 
this type of test as an instrument of measur- 
ing the understanding of meanings in arith- 
metic. Brownell stated the most comprehen- 
sive objection to such tests when he wrote the 
following: 


Valuable as tests are, they are subject to certain 
limitations: (a) Tests are essentially artificial: they 
are convenient substitutes for the ultimately valid 
trial by functional use. This is but another way of 
saying that the true measure of learning is the 
ability to use what has been learned in practical 
life situations. (b) Tests yield scores which are sus- 
ceptible to errors of interpretation. We may infer, 
for example, that the score is a measure of the total 
ability tested, whereas it is but a description of a 
particular performance in a particular situation. 
Obviously, the more comprehensive our testing and 
the nearer our testing situation approximates func- 
tional use, the fewer will be the errors of interpre- 
tation. (c) Tests may be used too exclusively. We 
may rely on tests to furnish indirectly evidence of 
growth in areas to which tests are not very sensitive. 
It is exceedingly difficult to prepare tests (other than 
essay tests) to measure certain arithmetic outcomes. 
If tests alone are used, these other outcomes will 
almost certainly be excluded from evaluation. (d) 
In the attempt to secure reliable measures from 
tests, we may pay too high a price for objectivity in 
scoring. Consideration of such a factor as correct 
principle, or evident, understanding, introduces 
variation in judgment and so makes for unreliable 
measures. If we hold to the superior value of reliable 
measures, we may lose much that we need in order 
to understand children’s work habits and thought 
processes. If we hold to the superior value of these 


evidences of learning we tend to lose objectivity and 
reliability. 

Brownell’s objections are valid indeed. 
But one must bear in mind two reservations: 
1) tests should not be the single instrument 
of evaluation, and 2) the tests that Brownell 
described are standardized tests of arith- 
metic skills. A new type of test should be 
devised that meets Brownell’s criticisms. It 
is true, of course, that a good test for the 
measurement of understanding of meanings 
has not yet been devised, although attempts 
in this direction have already been made and 
these will be discussed later. It is also true 
that a good test will not be devised unless 
many people strive to do that and continue 
to learn from the experience of others. If it is 
assumed that paper and pencil tests can 
never be any good, such tests will not be 
made. 


Need for a Good Test 


The lack of a good test has already had its 
effect upon teachers and administrators who 
are questioning the value of a meaningful 
arithmetic program because they are unable 
to measure its results. Brownell has been 
aware of this situation, for he wrote: 


More than one school system has embarked upon 
a program of so-called meaningful arithmetic, only 
to discover that on standardized tests of computation 
and “problem solving” pupils do none too well. In 
such schools officials and teachers are likely to be- 
lieve that they have made a bad bargain; and school 
patrons are likely to support them vehemently in 
this belief.? 


! William A. Brownell, ““The Evaluation of Learn- 
ing in Arithmetic,” Arithmetic in General Education, 
Sixteenth Yearbook, The National Council of 
Teachers of Mathematics. New York: Bureau of 
Publications, Teachers College, Columbia Uni- 
versity, 1941, pp. 235-236. 

2 William A. Brownell, ‘““Meaning and Skill— 
Maintaining the Balance,” THe ARITHMETIC 
TEACHER, 3: 129, October 1956. 
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This is not to say that it is not necessary 
for children to learn the arithmetic skills. 
On the contrary, Brownell’s whole article 
was devoted to the idea that children should 
learn the skills as well as the meanings. It is 
just that the standardized tests measure skills 
whereas no test has been devised that meas- 
ures understandings. How does one answer 
the critics of “‘meaningful arithmetic’’? 
Brownell voices the opinion that such people 
should be convinced that since there are no 
adequate tests, they should not rely upon 
tests. He wrote as follows: 


We may try to convince all concerned that the 
instruments used to evaluate learning are inappro- 
priate, or at least imperfect and incomplete. True, 
standardized tests rarely if ever provide means to 
assess understanding of arithmetic ideas and pro- 
cedures. Hence, the program of meaningful instruc- 
tion, even if well managed, has no chance to reveal 
directly and explicitly its contribution to this aspect 
of learning.® 


Brownell does not imply that there are no 
means of measuring understanding. Rather 
than paper and pencil tests Brownell ad- 
vocates such methods of evaluation as in- 
sightful observation of pupils at work, pupils’ 
oral reports, questioning of students, and ob- 
serving them as they make errors.‘ 

It is this writer’s firm belief that a good 
test to measure understanding is necessary 
and that it is possible to construct one. It is 
also his firm belief that such a test should be 
used, not in place of but, together with other 
evaluative techniques. It will require many 
attempts by many individuals learning from 
each other’s experiences before a good ob- 
jective test will be devised. 


Meanings Tests 


Several attempts at the construction of 
objective tests of understandings have al- 
ready been made. Johnson and Trimble 
have given a few examples of exercises that 
test meanings and understandings as guides 


 Ibid., p. 129. 
‘ Ibid., p. 133. 


to teachers who would like to construct such 
tests. A few tests have been made by doc- 
toral candidates. There may be many more 
tests but they are not readily available. Un- 
til such tests are made available little prog- 
ress will be made in improving this kind of 
evaluative instrument. 

A pioneering attempt to construct a test 
to measure children’s knowledge of basic 
arithmetical meanings was made by Glennon 
in 1948.® Feinstein’s test was concerned only 
with the understanding of fractions.’ This 
writer’s test also attempted to measure the 
understanding of the meanings in arith- 
metic.* This test is composed of three parts. 
Part I has 48 exercises that attempt to meas- 
ure sixteen concepts and processes. Part IT 
has 17 exercises that measure the same 
meanings as Part I but are a little more 
difficult. Part III has only 7 exercises and 
these are considered to be the most difficult. 
Some examples from this test are hereby 
presented. Objections can be, and have 
been, made against some of the exercises. A 
number of them are involved and, in the 
opinion of some judges, too involved for 
children in the elementary school. But this 
writer holds the belief that improvements 
can be made if many people try to devise 
such tests. 


5 Donovan Johnson and H. C. Trimble, ‘“‘Evalu- 
ation of Mathematical Meanings and Understand- 
ings,” Emerging Practices in Mathematics Education, 
Twenty-Second Yearbook, The National Council 
of Teachers of Mathematics. Washington, D. C.: 
The National Council of Teachers of Mathematics, 
1954. pp. 343-355. 

6 Vincent J. Glennon, “A Study of the Growth 
and Mastery of Certain Basic Mathematical Under- 
standings on Seven Educational Levels.’’ Unpub- 
lished doctor’s dissertation, Harvard University, 
Cambridge, Massachusetts, 1948. 

7 Irwin K. Feinstein, “An Analytic Study of the 
Understandings in Common Fractions Possessed by 
a Selected Group of Sixth and Seventh Grade 
Pupils.”” Unpublished doctor’s dissertation, North- 
western University, Evanston, Illinois, 1952. 

8 David Rappaport, “‘An Investigation of the De- 
gree of Understanding of Meanings in Arithmetic 
of Pupils in Selected Elementary Schools.’’ Unpub- 
lished doctor’s dissertation, Northwestern Univer 
sity, Evanston, Illinois, 1957. 
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Difficulties to Be Overcome 


The person who attempts to devise a test 
for the measurement of understanding of 
meanings in arithmetic must overcome a 
number of difficulties that stand in the way 
of a successful test. The most important ob- 
stacle is Janguage. A paper and pencil test 
must use words which are themselves diffi- 
cult concepts. A test for children must use 
words that children will understand. This 
necessitates an understanding of how chil- 
dren think. What appears to be simple to 
adults may be difficult for children. The test 
maker is never sure of the children’s in- 
terpretation of the words used. How does 
one measure the result? Does a wrong 
answer indicate a lack of knowledge, or 
understanding, of the arithmetic concepts 
and meanings orof the language used? Much 
more needs to be understood of child psy- 
chology and of the psychology of thinking 
before the language difficulties in arithmetic 
tests can be overcome. This should not, how- 
ever, be an excuse for not attempting to con- 
struct such tests. The tests will, of course, be 
inadequate but they will lead to a better 
understanding of children’s thinking. 

A second obstacle in the making of a good 
test is also based on the psychology of think- 
ing. What evidence is there that children 
understand concepts in the same way as 
adults do even when the same words are 
used? The need for better understanding of 
psychology mentioned in the preceding para- 
graph is applicable here also. 

The third difficulty is the interpretation 
of the meanings themselves. Although a 
number of writers will agree on the basic 
concepts and meanings in arithmetic that 
children should learn, they do not always 
agree on the interpretation of these mean- 
ings. This writer sent his test to a number of 
the leading authorities in the field of mean- 
ingful arithmetic. These writers have written 
textbooks on the teaching of arithmetic, 
textbooks on arithmetic that are widely used 
in the elementary schools, and they have 
written numerous articles on arithmetic 
teaching and learning for various journals. 
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In making comments on the different exer- 
cises of the writer’s test they demonstrated 
different interpretations of the meanings in 
arithmetic. Not only children but authorities 
in arithmetic show variations in judgments 
and interpretations of ideas in arithmetic. 
The maker of arithmetic tests must first 
clarify his interpretation of the meanings his 
test attempts to measure. 


The Role of the High School 
Teacher 


The high school teacher of mathematics 
must assume some of the responsibilities in- 
volved in devising an adequate test that 
measures the understanding of meanings in 
arithmetic. Many high school mathematics 
teachers have voiced their disappointment in 
the arithmetic knowledge possessed by in- 
coming high school freshmen. They have 
assumed that this is the sole responsibility of 
the elementary school teacher. Such aloof- 
ness on the part of high school teachers will 
not help solve the problem. High school 
teachers should help elementary school 
teachers clarify the concepts and meanings 
in arithmetic that they want children to 
learn. This should not be left to the elemen- 
tary school teachers, nor to professors of 
education, nor to doctora] candidates. High 
school teachers of mathematics have had to 
teach arithmetic to students in their high 
schools. They should also attempt to con- 
struct tests that are aimed to measure under- 
standing rather than manipulative skill. 


Summary 


The arithmetic program that has come 
to be known as “meaningful arithmetic” 
has not yet developed an adequate instru- 
ment by which to evaluate the results of 
such a program. Despite the objections to a 
pencil-and-paper type test on the grounds 
of validity and reliability, an objective test 
that measures understandings in arithmetic 
is necessary, especially for those teachers who 
need assurance that their pupils are making 
adequate progress. Such tests have been de- 
vised mainly by doctoral candidates. These 
need to be improved but this can be done 
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after repeated attempts by interested per- 
sons. Through the combined efforts of many 
workers a good objective arithmetic mean- 
ings test will eventually be constructed. 
There will be many disappointments, of 
course, and most tests will not be considered 
completely adequate, but such efforts must 
be made in order to make the program of 
“meaningful arithmetic” really meaningful. 


Sample Test Items 


1. In the number 2.037 each unit of the 3 tenths is 
times as large as each unit of the 7 one- 
thousandths. 

2. If the number 12.76 is thought of as made up of 
hundredths, it would contain — hun- 
dredths. 

4. In doing the subtraction exercise on 
the right it is necessary to make some 

















substitutions of units. We must change 5003 
one of the 5 thousands to —— _ —1465 
hundreds, then one of the hundreds ~~ 
to _______ tens, and then one of the 

tens to ones. After making 

these substitutions we think of the 

minuend as containing _______ thou- 

sands, hundreds, _— tens 

and —..._._._.. ONCS. 


5. In doing the exercise on the right we must do 
the following steps: 





a) Add the __. hundredths and .87 
the ____ hundredths. This gives + .56 
—___. hundredths. 


b) Change of the hundredths to _____ 
tenths and add this to the sum of the 











tenths and — tenths. This gives ______ 
tenths. 
c) We then change ______ of the tenths to 


Our sum is 
28. In doing the division exercise on the 

right we think as follows: 638 

a) 38 hundreds divided into groups 6/3832 

of give 6 groups. We have 3600 

2 hundreds left over. 232 

b) We now have 23 tens divided into 














groups of and this gives 3 J 
groups. We have 5 tens left over. : : 


c) We now have 52 ones divided into a. 
groups of and this gives 8 4 
groups. We have 4 ones remaining. 

d) Our remainder of 4 tells us that we 
do not have enough ones to make 
another group of — ; 

30. In adding 1's and yy we add only the 4 and the 

5 because they tell us how many ___ we 

have. 

32. Draw a ring around the rectangle whose shaded 

portions show $ of 3. 
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34. In order to add 75 and ¢ we must change the 
fractions so that they are expressed in the same 
fractional units. This means that we have to 
change the to 

45. To carry out this subtraction exercise 
we must first substitute for one of our 3 

ones tenths. The 3.2 — 1 





on 





can thus be thought of as _ ones 
and _______ tenths. Our difference is 








47. In doing this multiplication exercise 

we think 6 times 4 tenths equals 5.4 
tenths. We then substitute for x6 
tenths ones. We think 
6 times 5 ones equals _____-. We 
then add the — ones. The prod- 
uct o, 














Epitor’s Note. Dr. Rappaport argues well that 
we need good tests of understanding. These tests 
should measure much more than an understanding 
of the way in which numbers are used and manipu- 
lated in arithmetical processes. They should meas- 
ure the recognition and understanding of mathe- 
matical principles and of the way they are used. This 
calls for a broader concept of measurement than is 
represented in the sample items. The forty-fifth 
yearbook of The National Society for the Study of 
Education (1946), Part 1, was devoted to the meas- 
urement of understanding and carries a chapter 
which lists the types of understanding that one might 
expect in a modern program in arithmetic. Over a 
twenty year period a number of people have been 
seeking means of measuring the understanding of 
arithmetic learnings by use of a printed test. Many 
of the items have been presented pictorially with a 
minimum of words. Dr. Wrightstone of New York 
City Schools prepared a test for primary grade 
pupils which aimed to measure important concepts, 
principles, and knowledge. As Dr. Rappaport says, 
it is an important field in which more work should 
be done. 


Correction 


In the February issue on page 15 the item 
MEYER, JEROME, FUN WITH MATHE- 
MATICS was listed as published by World. 
This is correct but the ““World” means World 
Publishing Company whose address is 2231 
West 110th Street, Cleveland 2, Ohio. On 
page 16 the name and address were in error. 
This is not an item of The World Book 
Company of Yonkers, New York. 
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Efficiency in Teaching Basic Facts 


EARL CLENDENON 
Herzl Elementary School, Chicago, Ill. 


Group pupils for work on specific difficulties 


Teachers of more than thirty pupils 
either sigh or bristle at the much repeated 
advice: plan classwork to fit the needs of each 
child. For in their case it is futile to take that 
advice literally. But it is futile also totally to 
ignore that advice: An efficient compromise 
is to group the pupils according to three 
general levels of achievement, a technique 
that many teachers use successfully for read- 
ing lessons but seem hesitant to try for arith- 
metic lessons. 

In teaching the basic number facts the 
following standards, if they are not too 
rigidly applied, are useful in grouping pupils 
for work on specific difficulties. Using any 
test on any complete set of facts (for addition 
or subtraction, multiplication or division) 
but a test in which only the answers need to 
be written, the results charted below are a 
dependable guide. 

Although the pupils have been grouped as 
suggested, we are not ready yet to start work 
on specific difficulties. Pause for a while to 
relax in the thought that GROUP I will 
need only an occasional drill or test to main- 
tain their achievement. Since one to five 


errors on any of these tests come from mo- 
mentary slips in accuracy, if the pupil can 
correct such errors instantly, we ought to 
spare ourselves the vexation of demanding a 
perfect score. 

But GROUPS II and III will need close 
attention. If we cannot give close attention 
to both groups every day, then GROUP II 
should receive attention first. For the wisest 
aim is to move as many pupils as possible, 
as quickly as possible, to the level of GROUP 
I. Proceed with these groups in the following 
manner. 

First, steep your own mind in the realiza- 
tion that combinations* with zero or one need 
not be drilled on, and then resolve to draw 
the minds of the children into this realiza- 
tion too. Pupils are delighted when the idea 
of using zero as a sign for doing nothing (for 
not adding, not subtracting, not multiplying, 
not dividing) is dramaticaJly thrust upon 
their imaginations. Once this is accom- 


* Some authors shun the term zero combinations or 
zero facts and argue that these sets require no special 
attention. My experience runs contrary to theirs. I 
use the term to conserve words. 








GRADE 6 




















*LEVEL ITEMS GRADE 3 GRADE 4 GRADE 5 
GROUP I Score: 95-100 95-100 95-100 95-100 
Adequate mastery Maximum time: 8 min 6 min 6 min 4 min 
GROUP II Score: 85-94 85-94 85-94 85-94 
Nearing mastery Maximum time: 10 min 10 min 8 min 6 min 
GROUP III Score: Below 85 Below 85 Below 85 Below 85 
Far from mastery Maximum time: 15 min 15 min 10 min 10 min 











* Adequate mastery: ready to progress normally with problem-solving 


Nearing mastery: 


ready to progress slowly with problem-solving 


Far from mastery: not ready to attempt problem-solving requiring a complete mastery of the 100 or 90 
basic facts. 
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plished, the answers for such combinations 
as 3+0, 3—0, 3X0, their reverses, and 
0+3 no longer confuse them, except for oc- 
casional slips. Persuading the pupils to un- 
derstand the rule that one added to any num- 
ber gives the next higher number (and to 
understand corresponding rules in the other 
operations) is more of a task, but a powerful 
time-saving procedure none the less. 

“Start then by insisting on a mastery of 
these isolated combinations through reasoning, 
not through drill. In this way only 64 out of 
100 basic facts, using addition for example, 
remain to be learned.\This is an impressive 
instance of the power of generalized think- 
ing. Show the children that portion of a set 
of flash cards which represents their accom- 
plishment and excite them through praise to 
appreciate fully its importance. 


Use Flash Cards and Conduct the 
Drills Personally 


We can purchase or make many devices 
for drill on the basic arithmetic facts.)I have 
tried several of them, but the simplest one 
seems to be the most efficient one too. This 
is an ordinary set of flash cardt. Invariably, 
the interest sparked by any sort of educa- 
tional game or device rapidly dwindles un- 
less the teacher skillfully directs this interest 
from the material itself to the learning it is 
intended to assist}; Hence we always must 
be careful to judge such materials by the 
persistence of their effectiveness as learning 
aids, not by their initial attractiveness as 
games or diversions. To accomplish this 
transfer of interest efficiently we should de- 
velop in ourselves three qualities: (1) a 
genuine enthusiasm for what is _ being 
taught, (2) patience and finesse in demon- 
strating its meaning or importance, and (3) 
the habit of praising the pupils for their 
progress in learning it, no matter how slight 
or gradual that may be. It is the inspiration 
of these qualities, emanating from the 
teacher, that can maintain among the pupils 
an interest in so routine an activity as flash- 
card drills. 





APRIL, 1959 145 


The importance of maintaining the chil- 
dren’s interest obliges me to recommend 
that the teacher conduct the drills per- 
sonally. A drill conducted by a capable child 
can be effective occasionally when. the need 
for a change of routine is acute, but as the 
practice is extended the drills tend to be- 
come inefficient. For a child has neither the 
experience nor knowledge to respond sensi- 
tively to the complex needs of the individual 
pupils taking the drill. (It is just this sensi- 
tivity or insight, combined with the art of 
acting on it appropriately, that makes teach- 
ing a profession.) 


< 
Keep Flash-Card Drills Brief and 
Pleasant 


Five minutes for a drill on the basic arith- 
metic facts is long enough. More than ten 
minutes certainly is too long. By arranging 
beforehand the flash-cards to be used, by 
maintaining an efficient routine in seating 
the pupils, and by insisting pleasantly on strict 
attention to the drill, we escape that waste 
of time arising from uncertain aims, con- 
fused motion, and a decline of interest in 
learning. I say five minutes for the drill. ‘The 
drill of course must be preceded by instruc- 
tion (or a brief review of previous instruc- 
tion) on no more than a dozen related num- 
ber facts. For example: 


ty Cee ie eee, 
+2 +3 +4 +2 +2 +2 42 +42 
eclguug 


+3 +3 +43 


The relationships are these: (1) The first 
three facts are “doubles.” (2) The sum in no 
case exceeds nine. (3) The larger addend in 
every case appears first, that is the reverses 
are excluded. In selecting facts for a single 
lesson the relationships among them can be 
any close ones we choose to emphasize, with 
a view to assisting the pupil’s power of rea- 
soning and his memory. 
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For some reason I have not determined, 
most children master the “doubles” more 
readily than many of the other facts. In 
addition any “‘double” provides a point of 
reference for learning the fact whose sum 
is one greater or one less than that of the 
“double.”*, And a corresponding statement 
may be made in the case of subtraction or 
multiplication or division too, since in every 
instance the “doubles” are more readily 
learned. Let me illustrate the instructional 
procedure: 


Teacher: (showing 2+2) We know this sum. What 
is it? 

Pupils: Four. 

Teacher: (showing two cards for comparison) 
Notice in this card (3+2) that the top number 
is one more than the top number in this card 
(2+2). This makes the sum one more than the 
sum of two plus two. How much is three plus 
two? 

Pupils: Five. 


\ The instructional part of the lesson, then, 
must be a careful survey of the facts to be 
drilled on, of their similarities and dis- 
similarities, of their relationships. The em- 
phasis must be on reasoning out the answer to 
a new fact by comparing it with a fact al- 
ready learned», And an actual count of 
groups of objects (or of pictured objects) 
frequently should be made to demonstrate the 
truth of the reasoning. By taking this sort 
of pains with instruction we can prevent the 
absurd difficulties many children encounter 
merely because the teacher has not bothered 
to demonstrate repeatedly (I say demonstrate, 
not tell) that there can be no difference in 
the sum of 3+2 and that of 2+3. (The ap- 
parent difference resides solely in the ar- 
rangement of the groups represented by the 
addends. ) 

Now the’ drill may be started. Take the 
pupils through the cards once or twice with- 
out upsetting their consecutive order. Then 
begin to change the order slightly on each 
run until a random order is attained.. Keep 
the pace lively, but of course no faster than 
the children can think, Briefly reinstruct the 
pupils who give incorrect responses. Insist 
on a response to every flash, right or wrong, 
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from every pupil. If a child is much slower 
or much faster in responding than the rest 
of his group, consider placing him in a group 
whose level of achievement more closely 
corresponds to his own. 

We teachers continually complain of 
pupils who rarely produce a satisfactory 
piece of work because of their habitual neg- 
lect of detail in preparing it. A satisfactory 
piece of instruction is no less dependent on 
habitual attention to detail in executing it, 


Maintain a Flow of Encouragement 
to the Pupils 


It is not an easy task to provide for the 
specific difficulties of each pupil. From a test 
on any set of basic arithmetic facts (the mul- 
tiplication facts for example) we can select 
a dozen or fewer that each pupil needs to 
master, starting with the easier ones and 
those having some close relationship; for in- 
stance, the facts whose products range from 
24 to 36, after the pupil has mastered those 
whose products are less. With training, 
every pupil can make small flash-cards for 
his personal use.* The teacher must help 
each pupil select related facts to study, from 
among those he has not mastered, and all 
pupil-made cards.must be checked by the 
teacher to insure that none of the answers 
appearing on them are incorrect. To hold 
the children responsible for accuracy in this 
instance is an unwise demand. These cards 
should be studied regularly at home and 
during short supervised periods in the class- 
room. 

It is imperative that the children be 
taught to appreciate the importance of 
studying only the facts they have not mas- 
tered.) Almost every child prefers making 4 
hundred flash-cards to making only a dozen 
or fewer, for the same reason that he prefers 


* Children of low ability have less trouble keep- 
ing their flash-cards properly arranged for study 
when the answers alone have been written on the 
reverse sides, so that the faces retain a distinctive 
look. Cards 24X4 inches, bound with a rubber 
band, slip neatly into a boy’s shirt pocket. These 
can be cut from tagboard or 5 <8 inch file cards. 
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playing with a hundred pennies to playing 
with fewer than a hundred, but it is not 
difficult to enforce a mature attitude in this 
case and for the sake of efficiency it is neces- 
sary. Indeed, through reason, the children 
can be brought to enjoy discarding their 
flash-cards one by one as mastery over them 
is attained. 

A thorough understanding of the function 
of personal flash-cards is a primary source of 
encouragement to the pupils as they use 
them, casting away those they finally master 
and putting new ones and harder ones in 
their places, until surprisingly only five or six 
remain to be learned. 

Each pupil needs also some record of his 
progress in learning the facts. A wall chart 
of individual scores on the tests is useful pro- 
vided the posting does not deprive us of time 
for instruction. But requiring children of low 
ability to keep their own records of scores 
is a futile demand. A nice way around this 
problem is to staple together each pupil’s 
tests day by day, after each one has been 
scored and corrected. From time to time the 
children enjoy leafing through their files and 
boast over the rise in their scores. A few chil- 
dren like to make little bets without stakes, 
against the teacher, that their scores will im- 
prove by a certain amount on a certain day. 
But overuse of this technique spoils its effect. 

The teacher needs a large stock of vigorous 
compliments. Good! Bravo! Look at that boy 
dig those facts! Lots of colorful remarks that 
may catch the fancy of the child particularly 
addressed—and touch his heart. ) These 
should never be lavished upon the children, 
but an advance in score of just a point or 
two is none the less an advance, and it de- 
serves some praise. A bantering flow of en- 
couraging comment during the drills, with 
a little jesting, is very effective too. 

If we have not succeeded well in teaching 
the basic number facts the fault unquestion- 
ably lies in our methods, or in our attitudes 
toward this task, or in our devoting too little 
time to it. Certainly it is not an exciting task 
and its nature necessitates a meticulous rou- 
tine, but it need not be a dull task or one 
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inefficiently performed. And nothing can in- 
spire us more than the charming willingness 
of our pupils to learn when we supply them 
with the best possible reason to learn: the 
assurance that they are learning and that we 
care. 


Eprror’s Note. Mr. Clendenon gives some ad- 
vices on mastery of the “‘basic facts” of arithmetic. 
He senses the need for efficiency so that pupils are 
not constantly referring to indirect methods in order 
to perform a simple computation. But note that his 
advice is for the drill or practice period which fol- 
lows the initial discovery and learning. Teachers 
may wish to check their groups in relation to the 
time chart which he provides. It seems that he is 
reasonably generous in time so that all but the very 
slowest in normal reaction rate should be able to 
provide answers in the charted time. ‘He is con- 
cerned with using a number of interest maintaining 
devices so that pupils will want to learn and to be 
proud of their accomplishment..Yes, we still need to 
learn to compute and the basic number combina- 
tions are building blocks upon which computation 
is based. Our children will learn if we honestly try 
to teach them and expect them to learn. 





NCTM and NEA at St. Louis 


The National Council of Teachers of 
Mathematics plans two excellent programs 
as parts of the National Education Associa- 
tion Convention in St. Louis. Both meetings 
are July 1, 1959, in the Melbourne Hotel. 
At 9:30 a.m. a panel, principally adminis- 
trators, will give ideas and plans for taking 
care of the pupil who is superior in mathe- 
matics. This will be followed by questions 
and discussion from the floor. The luncheon 
speaker will give an overview of the status 
and goals of various groups now working to 
improve curricula and methods in mathe- 
matics. 
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Meanings in Multiplication 


H. C. CHRISTOFFERSON 
Miami University, Oxford, Ohio 


A’ ARITHMETIC BECOMES a subject in which 
understanding of meanings, rather 
than mere manipulative skill, becomes an 
important objective, it becomes important 
that teachers have clearly in mind the com- 
plete connotation of concepts. 

Recent statements about the meaning of 
addition imply that it is an error to think of 
adding as increasing a quantity. If I add 
2+3=5, I have not increased the 2 nor the 
3, I have merely put them together to make 
5. Addition is thus a regrouping, rather than 
an increase. This is often true, yet sometimes 
addition does mean an increase. If I add 10 
Ibs. to my weight, unfortunately I increase 
my poundage. If twins are born, 2 is added 
to the family and there is an increase. If 
$200 is added to my salary, I get an increase. 
Then too, addition has a subtractive mean- 
ing sometimes which could be called “‘sub- 
tractive addition”’ or “‘additive subtraction”’ as 
you wish. If Jane has 15¢ and Mary 25¢, 
how much must I give Jane to make them 
equal? Here I add something to one num- 
ber, I increase it, to make it equal to another 
number. 

Subtraction has at least four distinct 
meanings, in spite of one author’s feeling 
that there is only one, a separation into two 
groups which he contends does not decrease 
anything. Generally speaking, most authori- 
ties speak confidently of two basic meanings, 
“take-away” and “difference”? and two other 
related connotations. George has 50¢ and 
spends 35¢, how much has he left? George 
weighs 90 Ibs. and Henry weighs 75 Ibs. 
What is their difference in weight? One 
meaning involves taking away, reducing, 
and the other involves comparison, no re- 
duction. When one illustrates subtraction by 
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having 5 blocks and moving 2 to one side 
leaving 3 blocks in the group, this is only one 
kind of subtraction. When I write out a 
check and subtract the amount from my 
balance, that balance decreases. 

Then too, difference may have an additive 
meaning. Henry weighs 75 Ibs., but normal 
weight for his age and height is 90 lbs. What 
is the difference or what should he gain in 
weight? Or, before he was sick, Henry 
weighed 90 Ibs. How much did he lose? Here 
one subtracts the 75 from 90 to get 15, yet in 
actuality, the meaning is one of difference 
not one of take away 75 from 90. 

Finally, there are 40 children in a room 
and 18 of them are girls. How many are 
boys? This is subtraction as separation into 
component parts. It resembles “take-away,” 
but the girls are not really taken away, and 
there is no reduction in the number of chil- 
dren. 

Division has at least four meanings. These 
are illustrated by the following examples. 


1. Measurement: 


$6+$2=3 
2. Partition: 

$6 + 2=$3 
3. Ratio: 


$6 + $24 = $6/$24 = 1/4=.25 or 25% 
4. Reverse of Multiply: 

$6 + .05 = $120 from 

5X ? =$6 


Note that measurement (1) and ratio (3) 
are alike in that the dividend and divisor are 
both concrete and the quotient abstract. 
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While the term ratio could apply to either 
one, the first one more simply means, “‘how 
many $2 items can one buy for $6.’ While 
the second one cannot mean “how many $24 
items can one buy for $6,” but “$6 and $24 


> 


have what ratio,” or what number multi- 
1 


plied by $24 equals $6, the answer is ¢ or 
.25 or 25%. 

Note also that the second and fourth mean- 
ings both involve an abstract divisor, and 
that the dividend and quotient are expressed 
in the same units. In one $6 is divided into 
2 parts, hence the name partition. In the 
other $6 is not divided into 0.05 parts, yet 
there is a number which when multiplied by 
0.05 does equal $6. Therefore, $60.05 is 
a different concept from $6+2. 

Attention is called to these varied mean- 
ings to emphasize the danger involved in 
narrowness and oversimplification of def- 
initions. It is perfectly in order to begin with 
a simple concept, and then expand it. We do 
that constantly in mathematics and in sci- 
ence. For example, we define an exponent 
in a’, then expand it to include a—?, a?*, a®, 
etc. Then too, it seems sensible to accept new 
meanings as the practical need for them 
arises, not to force all implications and con- 
notations on a child at once as is done to 
the reader in this article. Multiplication is 
such a term. It has simple beginnings but 
leads on into needed aspects which even 
mathematicians fail to accept. There may 
be a few disagreements with the meanings 
here presented for addition, subtraction and 
division, but the discord is nothing com- 
pared with what will come with defining 
multiplication so that 2 ft. x3 ft.=6 sq. ft. 
or, since time Xrate=distance, then 4 hr. 
X25 mph=100 mi. 


Understanding Multiplication 


Multiplication in its simple setting is 
shortened addition of equal quantities. Two times 
$6, or $6 multiplied by 2, means $6+$6. 
The multiplier 2 indicates the number of 
equal quantities that are added and there- 
fore it must be abstract and an integer. 
Furthermore, the multiplicand and product 
will usually be concrete and will always be 
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in the same unit of measure. The argument 
that operations are done only with abstract 
numbers, and that appropriate units are 
then attached to the product, does not solve 
nor simplify the problem, it merely compli- 
cates it. It seems simple enough to say that 
$6+$6+$6+$6+$6+$6 can be abbrevi- 
ated to six times $6. With this basic meaning, 
if concrete quantities are involved at all, one 
factor which is called the multiplier must be 
abstract. 6X$6=$36, 6X6 sq. ft.=36 sq. 
{t., 6X6 acre ft.=36 acre ft., 6X6 man 
hours=36 man hours, 6X4 credit points 
= 24 credit points. 

This concept of multiplication as a 
shortened form of addition in which the 
multiplier is both abstract and an integer 
and indicates how many times the multipli- 
cand is used as an addend, runs into diffi- 
culties as soon as fractions appear as multi- 
pliers. 2X $6 = $6+$6 = $12. But 3 X $6, how 
can $6 be used 4 times as an addend? Here 
$6 must be associated with } of $6 and 
that with $6+2. 

Even before this contact with fractions the 
alert 3rd or 4th grade teacher encounters 
32 bottles of milk at 5¢ a bottle before she 
has taught how to use a two-digit multiplier. 
She would like to say that 32X5¢=5X32¢ 
because the children can do the latter. This 
is the first extension of the definition, a 
famous law of mathematics, the law of com- 
mutation, plus a slight variation. Since 
32X5=5X32, then 32X5¢ must equal 
5X32¢. Or, 32 rows with 5 cents in each 
row would equal 5 columns with 32¢ in each 
column, if 160 cents are arranged in rows 
and columns. Such juggling of concrete and 
abstract factors is good mathematics. 

A third concept of multiplication involves 
an abstract multiplier that is not an integer 
and is encountered as soon as fractions and 
decimals appear: 3X6 ft., .05 $180, 86% 
of 250 bushels. The original definition must 
give way to the wheels of progress and to 
the demands of common usage. 3, .05, 86% 
cannot be the multipliers which indicate 
“how many times the multiplicand is used 
as an addend.” 6 # ft. is easy. That means 
just 6 pieces each 3 ft. long to make a total 
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length of 3 ft. But 4X6 ft. fails to fit the 
definition. Often teachers merely say “x” 
means “‘of” and just substitute. A sort of a 
proof for it could be as follows. 


4X2/3=2/3+2/3+2/3+2/3=8/3 
4X 2/3=2/3X4 By commutation 
“.2/3X4=8/3 


But 2/3 of 4=8/3 Previously learned 


By substitution 


Consequently 2/3X$4=2/3 of 
$4=$2 2/3 

Also 2 2/3XK4=$4+$442/3 of 
$4=$10 2/3 


But where is the multiplier that tells how 
many $4 values are added? The fractional 
multiplier indicates the “part of” the con- 
crete factor that is added. This seems a 
simple extension, and fits decimals and per- 
cents also. 

A fourth basic conception which permits 
both factors to be concrete or even more 
than two factors each to be concrete is in 
common use. It shall be the purpose here to 
show the need for it and the actual use made 
of it in science and industry today. While 
analogy is not rigorous reasoning, the situa- 
tion can be well represented by analogy to 
algebra. Whatever the letters a, b, and c 
may represent (and this assumption may not 
be allowed by all readers) the following 
products are accepted. 


2aX3a= 6a? 
6a? X 5a = 30a 
2aX3b=6ab 


6ab X 5c = 30abc 
If r=5a then ar? = 2(5a)? = 252a? 
Yet we are not permitted to use, 

2 ft.X3 ft.=6 sq. ft. 

6 sq. ft.X5 ft.=30 cu. ft. 

2 ft.X3 in.=6 ft. in. a reasonable con- 
cept though unused. 

1 ft.X2 in.X16 ft.=32 sq.-ft. in. or 32 
bd. ft. 
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2 acresX3 in.=6 acre inches or 1/2 
acre ft. 
If r=5 in., then rr? = x(Sin.)? = 257sq. in, 
The physicist does not hesitate to use 
6 ft.X5 lb. =30 ft. Ib. 
5 hr.X40 mph=5 hr. X40 mi./1 hr. = 200 
miles, since time X rate = distance 


Here the term one hour cancels out, realizing 
that 40 mph is a ratio 40 mi. to 1 hr. or 40 
mi./1 hr. It corresponds to 5aX40b/a 
= 200b. 

The factory cost accountant uses 6 men 
<5 hr.=30 man-hours in computing costs 
of labor. 

The irrigation engineer multiplies the area 
in acres by the depth in feet to get acre-feet 
of water. 100 acres X 3 ft.=50 acre ft. 

The chief defense for this extended mean- 
ing of multiplication is the greater accuracy 
of thinking and computation that it induces. 
For instance when the irrigation water is 
computed, the depth 6 in. or 6 ft. is a bit 
different. Keeping the denomination with 
the number avoids error. For example, a 
board foot in lumber measure is 1 ft. by 1 ft. 
by 1 in., and could mathematically be called 
a square-foot inch, yet lumber dimensions 
are usually given in ft. by in. by in. A plank 
is described as a 2 by 12 which is 16 ft. long. 
The 2 and 12 are both inches. The measure 
is 16 ft.X12/12 ft. X2 in. =32 bd. ft. 

Note the security and simplicity of this 
computation in comparison to the rounda- 
bout thinking in using all factors abstract 
except one. 16 ft. by 2” by 12”=? bd. ft. 
If 1 ft. long and 1 ft. wide and 1 in. thick the 
board would contain 1 bd. ft. This piece of 
lumber is 16 ft. long, 1 ft. wide and 2 inches 
thick, therefore it contains 16 121 bd. 
ft. or 32 bd. ft. Contrast this with 16 ft. x1 
ft.X2 in. =32 bd. ft. 

We glibly say that rate times time equals 
distance or acceleration times time equals 
velocity. In this thinking both rate (or 
velocity) and acceleration are ratios. The 
formulas are RT=D and at=v. To think 
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such a problem through without accepting 
the definition of multiplication that would 
allow all factors to be concrete, the mental 
gymnastics are reminiscent of the 18th Cen- 


tury. 


PROBLEMS— 
(1) If one travels 40 mph for 5 hr., how 
far does one travel? 
(2) If one accelerates at 10 mph per min- 
ute, how fast is he going after 5 min.? 


Solution with abstract multiplier. 

(1.1) At 40 mph one would go 40 mi. in 1 
hr. 

(1.2) Since 5 hr. is 5 times 1 hr., then in 5 
hr. one would travel 5 times as far as 
in 1 hr. 

(1.3) Or 5X40 mi. = 200 mi., the distance 
in 5 hr. 

(2.1) If one accelerates in his car at the 
rate of 10 mph per min. of starting 
from a “‘stand still,” then after 1 
min. he would be travelling at 10 
mph. 

(2.2) After 2 minutes he would have 
gained another 10 mph in speed and 
be travelling 20 mph. 

(2.3) Since he gains 10 mph in speed dur- 
ing each minute then in 5 minutes 
he will have a speed of 5X10 mph 
= 50 mph. 

Solution with al] factors concrete. 


(1.1) Formula RT =D. R=40 mph, 
T=5 hr. 


40 mi. _ 
(1.2) 40 mphX5 ae hr. 
r. 


= 200 mi. 
(2.1) Formula at= V, a=10 mph per min., 


t=5, min. 
; olen 10 mph 
(2.2) 10 mph per min. X5 min. = ———— 
1 min. 


<5 min.=50 mph. 


Note that mathematically these processes 

involve the following algebra. 

40a 10a_ ss“ 50a 

— X5b=200a or —-X5b=— 
b bc c 
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After the social setting for this computa- 
tion is understood, the physicist does not 
hesitate to use concrete factors, in fact he 
often insists on using them because they 
eliminate a great source of error in thinking. 
For example, suppose acceleration is 10 ft. 
per sec.” or 10 ft. per sec. per sec. and time 
is 2 min. then V=10 ft./sec.?X2 min. or 
10 ft./sec.2X 120 sec. = 1200 ft./sec. or 1200 
ft. per sec. Having the denominations there 
avoids the error in using 2 as though it were 
2 sec., not 2 min. 

Illustrations could be multiplied indef- 
initely which show that even though mathe- 
maticians have not yet accepted a meaning 
for multiplication in which all factors can be 
concrete, yet such a meaning is in use. Such 
a meaning is needed to keep pace with our 
atomic age. Such a meaning would greatly 
simplify the teaching of areas, volumes, and 
many problems in measurements. 

There could be abuse of this process in 
some simple cases. Find the cost of 2 lb. of 
meat at 68¢ per Ib. 2 lb. X68 cents = 136 lb. 
cents. Of course if interpreted correctly, 
even this error is avoided, the price is really 
not 68¢ but 68¢ per lb. or 68¢/1 lb. There- 
fore 2 lb. X68¢/1 Ib. =$7.36. Of course it 
may be simpler to think, ‘‘2 lb. will cost 2 
times as much as 1 lb., therefore 2 lb. will 
cost 2X 68¢= $1.36.’ There can be abuse of 
automobiles too, or atomic bombs, so let’s 
not hinder progress and accurate thinking 
by being inflexible mathematically and 
logically to social usage, to social needs, and 
to the extension of definitions to include 
equally rigorous ideas. 


Eptror’s Nore. Professor Christofferson is associ- 
ating “meaning” of a process with the “‘situation”’ or 
use of the process. This can result in a different set 
of interpretations than one would obtain from 
mathematical structure. Our primary aim is to pro- 
duce sufficient understanding of multiplication as a 
process and of the ‘“‘use-structure” of situations 
where multiplication is useful so that people will 
know how and when to perform the necessary opera- 
tion. It is the intermixing of structure with process 
that creates many of our arguments. Why not, in the 
early learning stages, write down the denominations 


(Concluded on page 166) 
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Differences in Arithmetic Performance 


SISTER JOSEPHINA 
Boston College, Chestnut Hill, Mass. 


KX THE BEGINNING of each school year 
effective teachers appraise the knowl- 
edge retained from the previous grade. Such 
evaluniion is highly necessary in subject 
areas where previous learning, as in arith- 
metic, grammar, and spelling, serves as the 
foundation for further learning. The present 
study attempted to measure statistically the 
retention of 122 fifth grade pupils in arith- 
metic over a span of three months or during 
summier vacation. 

Studies of forgetting indicate loss in arith- 
metic in all grades. Sister M. Irmina! found 
significant amounts of loss and also errors 
repeated from one test to a later one. Kirby” 
suggested, as a result of his study, that dur- 
ing the first month of school intensive review 
is necessary to repair losses in arithmetic de- 
teriorated through disuse. Finally, the em- 
phasis on meaningful drill work was stressed 
by Sister Mary Adelbert® since conditions 
of ordinary life afford little opportunity for 
continuous repetition and, therefore, the 
computational skills in arithmetic suffer. 

The present study is an abstract of an ex- 
periment carried out under the writer’s di- 
rection by Sister Anna Eugene Leaver.‘ 

Pupils from three fifth grades using the 
same texts and exposed to the same course 
requirements served as subjects. The chrono- 
logical mean age was 10.9 with a sigma of 
.72, while the mean mental age was 10.7 
with a sigma of 1.2. They were from a mid- 
dle socio-economic level. 

A test composed of thirty items on com- 
putation and twenty problems covering the 
main objectives of the arithmetic syllabus 
was administered in June and the same test 
readministered in September. There was no 
knowledge, by either teacher or pupils, 
that there was to be a retest. In fact, the 
September test, rearranged so as to limit the 


recognition of the June test, was not com- 
mented upon by any pupil as being familiar, 
The time allotments and testing procedures 
were the same in both tests administeredby 
the classroom teacher. 

Table 1 shows the mean score in arith- 
metic computation and problem solving in 
June and in September. 


TABLE 1 


INITIAL AND Finat Test Scores IN ARITHMETIC 
COMPUTATION AND PROBLEM SOLVING FOR 
122 Pupits tin GRADE 5 














Arithmetic — 
c . Problem Solving 
omputation 
Measure |__ a adel 
| 
June | September} June | September 
Mean 20.91 15.09 | 13.39 9.36 
S.D. 4.36 5.30 | 3.60 | 3.32 
Range 30-1 28-1 | 20-3 | 18-1 


The data in Table 1 indicate a loss in 
mean scores in both computation and prob- 
lem solving. 

Table 2 presents measures of loss along 
with the results of the tests of significance 
measured by the critical ratio. 


TABLE 2 


MEASURE OF Loss AND RESULTs OF TESTs OF SIGNIFI- 
CANCE IN ARITHMETIC COMPUTATION AND PROBLEM 
SOLVING FOR 122 Puprts IN GRADE 5 


| Arithmetic | Problem 
Measure | Computation | Solving 
Mean-Initial 
Test 20.91 13.39 
Mean-Final 
Test 15.09 9.36 
Loss | 5.82 4.03 
SE Diff. | 1.09 | 78 
C.R. 5.82* 


5.54* 


—_ 


* Significant beyond the .01 level. 


152 








om- 


liar, 
ures 


dby 


‘ith- 
g in 


[ETIC 


ing 


nber 


36 
32 
1 


s in 


rob- 


long 
ance 


;NIFI- 
3LEM 


i} 
i 





APRIL, 1959 1 


Examining the results of the test of sig- 
nificance, both C.R.’s indicate a high level 
of confidence. The loss amounts cannot be 
attributed to chance factors but are in large 
part related to a lack of drill and use, and 
possibly, meaningful first learning. 

Table 3 presents the per cent of failure for 
the items in computation. 


TABLE 3 


PER CENT OF FAILURE ON INITIAL AND FINAL TEST IN 
COMPUTATION FOR 122 Pupits In GRADE 5 


Per Cent Failing Item in 











Item a ORE ee 
Computation Sep- | Differ- 
June 
| tember | ence 
Fundamental Operation | 
Addition =: | 46 | 14 
Subtraction | a | 10 
Multiplication Be SS URS 
Division | | | 
Short | 26 = 3 
Long 22 a  * 
Fractions 
Addition ee ee: ae 
Subtraction | @2 | -8 | 
Multiplication i oe eee 
Division ge 4 a | 10 
Roman Numerals - 75 | 25 
Mensuration 19 45 26 


Table 4 shows failure data for items in 
problem solving. 


TABLE 4 


Per CENT OF FAILURE ON INITIAL AND FINAL TEST IN 
PROBLEM SOLVING FOR 122 Pupits IN GRADE 5 
7 | ai . 4 wy ’ : 
| Per Cent Failing Items in 


> > “a 
Item-Problem = | Sep- Differ- 
fe tember ‘anke 
} Test | 
Fundamental Operation | | 
Addition 3...4, 2 8 
Subtraction 31 4 an 
Multiplication 26 55 29 
Division gE as 
Fraction 
Addition 35 44 | 9 
Subtraction 61 77 16 
Multiplication 19 29 10 
Division 34 51 17 
Mensuration 33 7 


1 38 


ui 
Ww 


Examining Tables 3 and 4 there are pro- 
gressive amounts of loss in the final test 
ranging from 3 per cent (division) to 38 per 
cent (mensuration). 

In computation the greatest loss appeared 
for items dealing with mensuration (? hr. =? 
min. and 4000 lbs.=? tons), Roman nu- 
merals (Write the Arabic number for L), 
and long division (1972+29 and 38497 
+48). The largest difference in per cent of 
error in problem solving was found in items 
calling for solution by use of subtraction of 
fractions as: 


Bill can swim across the pool in 453 sec- 
onds. Jack can do it in 517%; seconds. How 
much longer does it take Jack than Bill to 
swim across the pool? 


Mensuration problems utilizing perimeter, 
area, Jinear measure, and avoirdupois indi- 
cate a difference of a large percentage of 
error. 

Summer vacation does affect retention of 
arithmetic as seen in the study. The results 
are in agreement with similar findings men- 
tioned earlier. 

In terms of the value of the critical ratios, 
all of which are significant beyond the .01 
level of confidence, it is apparent that the 
amount forgotten is highly dependable. As a 
consequence, teachers, at the beginning of 
the new school year and at frequent in- 
tervals, should re-present the 
learned material for maximum retention and 


previously 


for future success in a progressive subject 
such as arithmetic. A teacher-made, ciag- 
nostic-survey type test administered at the 
beginning of the new school year reveals to 
the teacher the strengths and weaknesses of 
her new class. Therefore, she builds on a 
more pedagogically sound foundation. 
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The Theme in Arithmetic 


ALAN RIEDESEL 
State Teachers College, Plattsburgh, New York 


Rin WRITTEN THEME is another means of 
improving arithmetic understanding. 
Writing a theme affords the pupil an oppor- 
tunity to express in words his ideas and un- 
derstanding of an arithmetic process on 
which he has been working. The ability to 
explain the steps of a procedure is a good in- 
dication that the pupil really understands 
the process. 

During the tenth week of school the 
seventh grade class was completing a review 
of the study of multiplication of fractions. 
The group had used concrete materials, 
various techniques for solving examples and 
problems, and had arrived at what they con- 
sidered the best method of working with 
fractions. 

At the beginning of one period the teacher 
suggested that the class could clarify its 
thinking concerning the multiplication of 
fractions by using a written description of 
the method that they used. 

This was the first time that the students 
had attempted to write short papers con- 
cerned with an aspect of arithmetic. Thus, 
a number of them had difficulty in beginning 
their themes. Such statements as “I think 
I know a lot about the multiplication of 
fractions but I haven’t had to really think 
about it until now”’ were common. But, after 
a few minutes everyone was writing and, al- 
though the writing went slowly at the be- 
ginning of the period, it was gratifying to 
note that once the child did begin to write, 
ideas seemed to come to his mind and he 
was able to write rather rapidly. At the end 
of the period the papers were given to the 
teacher. 

The next period the papers were returned 
to the group and ideas concerning them were 
exchanged. The teacher asked the group if 
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they would be interested in reading some 
of the papers written by other members of 
the class. The class decided that they should 
be rewritten in ink so that they could be 
easily read as a part of a display on the 
bulletin board. The following are examples 
of the compositions: 


(Jay’s paper) 

I think that the meaning of “multiplied by a frac- 
tion”’ is a short way of adding fractions. 

The way that you multiply a fraction by a whole 
number is, first you change the whole number to 
an improper fraction. Then you multiply the 
numerator and the denominator by the denomi- 
nator. If necessary change to a mixed number. For 
example: 


3X}= 
#Xj=$=1} 


The way you multiply a mixed number by a 
fraction is that you change the mixed number to an 
improper fraction. Then multiply the numerator by 
the numerator then multiply the denominator by 
the denominator. If necessary change the product 
to its lowest terms. For example: 


2#Xi= 
Xp =t=j 


The way you multiply a fraction by a fraction. 
You multiply the numerator by the numerator. 
Then multiply the denominator by the denominator 
and if it is necessary change to lowest terms. For 
example: 


tthe 


2 6 
Xt=2=% 


MULTIPLYING FRACTIONS 
(Barbara’s paper) 


1. To multiply 4 Xj you first have to change 4 into 
a fraction. That would make 4, ¢. Then you can 
cancel like this: #X#?. Four will go into the 
numerator one time. Four will go into the de- 
nominator one time. Then you multiply one 
times three, which is three and one times one 
which is one. One will go into three, three times, 
so the answer is three. 
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2. To multiply 2} X} you first have to make the 2} 
an improper fraction. You do this by multiplying 
the whole number by the denominator of the 
fraction and you get $. Your problem now looks 
like this 5X}. You then multiply the numerators 
5 and 1, and you get 5. Then multiply the de- 
nominators 2 and 2, and you get 4. It is now an 
improper fraction so you divide 4 into 5 and get 
1 and 3. 14 is the answer. 

3. To multiply } X $ you first can cancel. You cancel 
like this: #X% the denominator three goes into 
itself one time and the numerator three goes into 
itself one time. The numerator 5 goes into itself 
one time and the denominator 5 goes into itself 
one time. You then multiply denominators 1 and 
1 together and the numerators 1 and 1 together 
and you get ¢. Then divide 1 into 1 and you get 
the answer 1, 


The above arithmetic themes are typical 
of the group’s first attempt to use the theme. 
As the students continued their arithmetic 
work during the semester they were asked 
to write other explanations of mathematical 
processes. Following the completion of a 
unit of work on decimals the theme below 
was written. 


Wuat Are DECIMALS? 
(Annie Lou’s paper) 


Decimals are based on ten and multiples of ten. 
The decimal point separates the whole number(s) 
from the decimal fraction. 

We use decimals because it is easier to get an 
accurate measure with them, especially with very 
small measurements. 

It is easier for me to use decimals, because there 
are not many steps to remember when I multiply, 
divide, add, and subtract them. It is easier for me to 
read them, too. 

When you are adding decimals you have to re- 
member to have the decimal points in the addends 
and the sum in a straight column. When you are 
subtracting decimals you have to remember to keep 
the decimal point in the minuend, subtrahend, and 
difference in a straight column. When you are 
dividing decimals you have to remember to move 
the decimal point in the divisor and the dividend 
to the right as many places as there are in the divisor. 
You have to remember to put the decimal point in 
the quotient, right, above the one in the dividend 
after it has been moved. When you multiply a 
decimal you have to remember to count how many 
figures there are to the right of the decimal point 
in the multiplicand and in the multiplier, then you 
count that many places off in the product. 

We use decimals to show someone’s batting aver- 
age, to show how fast someone can swim, to show 
how high someone can jump, to show how long 
something is and to show how much something 
Weighs, 
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Mr. Riedesel or who ever else reads this theme, I 
think you would be interested in knowing that the 
decimal system came into use in the seventeenth 
century. 


Summary 


In analyzing the above procedure, it can 
be noted that the following benefits can be 
derived from writing an arithmetic theme: 


1. The teacher has a means of evaluating 
the individual student, because the 
themes show the variations in the level 
of understanding among the children. 
A valuable tool is provided for use in 
diagnosing the difficulties that individ- 
ual class members have with a partic- 
ular arithmetical process. 

3. The actual writing focuses attention on 


N 


a particular skill and makes it neces- 

sary for the student to clarify his think- 

ing on a particular arithmetic area. 
4. Writing about mathematics entails the 
ability to develop accurate explana- 
tions and descriptions which will help 
the student in writing about other sub- 
jects, particularly in the scientific fields. 
The children have a new approach to 
mathematics, a subject in which writ- 
ing technique is not usually employed. 
6. The students are helped to think about 
the how and why of a particular arith- 
metic process. 
Class unity can be maintained at a high 
peak, because all of the students are 


ui 


able to participate in the same activity 
with a feeling of achievement. 


While the arithmetic theme is not by any 
means a panacea, when properly used it can 
be a valuable aid in the development of a 
sound arithmetic program. 


Epiror’s Note. The written composition or 
theme can be very revealing in the way it reflects 
the level of thinking and performance of a pupil. 
Teachers frequently assume that pupils have de- 
veloped a higher level of understanding than is 
really true. A tape recording or a theme, as Mr. 
Riedesel suggests, is helpful. The most common pro- 
cedure is merely the asking of questions and listen- 
ing. Perhaps we teachers do too much talking and 
not enough listening. 
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Teaching the Mentally Handicapped 


Francis T. Fort 
Francis Read School, Philadelphia, Pa. 


Pipes THE “MENTALLY HANDICAPPED” 
as those children who can be educated 
in special classes in public schools, Kirk and 
Johnson state that these children in general 
tend to achieve between the third and fifth 
grade in their arithmetic abilities and some 
are unable to achieve even third grade abil- 
ity. Accordingly, for these pupils the logical 
development of number as far as the 5th 
grade would be in most cases: 

1) Reading and writing numbers to six 
places, e.g. 683,495. 

2) Addition and subtraction to five-place 
numbers 


89665 
+ or —28723 


3) Multiplication by hundreds, 


342 
212 


4) Division with two-place divisors, 
72) 288 


A study of fractions would include under 
addition and subtraction: 

1) The idea of mixed number 13, and im- 
proper fractions, $. 

2) Adding and subtracting fractions, 
mixed numbers, and whole numbers, 


2=14 
—is i} 
4 7 


3) The concept of fractions—part of a 


group. 
4) Multiplication of whole numbers and 
fractions, and fractions by a fraction, 


3X10, §X#. 
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5) U. S. money under the four processes 
would complete the study during the arith- 
metic period. 

Most authorities agree that the content 
should be carefully chosen on the basis of 
two principles: 

1. The content must include the knowl. 
edge, skills, and concepts that will be of more 
value to the pupil now and in later life, and 

2. The methods used should be deter- 
mined by the special disabilities or abilities 
of mentally handicapped children. 

Regarding point one, it is the responsibil- 
ity of the teacher to provide the mentally re- 
tarded child with the kind of arithmetic in- 
struction that will help him to meet his cur- 
rent needs and to prepare him with those 
practical] arithmetic skills which will aid him 
in earning a living, in running his household, 
and in interpreting his daily life experiences 
involving number. Arithmetic instruction, 
therefore, involves a very practical develop- 
ment so that the mentally retarded child can 
see sense and make use of what he learns 
from day to day. His daily experiences in 
the school, in the home, and in the com- 
munity should be used to motivate what he 
learns. Motivation, then, is of primary im- 
portance to success in instruction. 

The teacher would do well to determine 
what arithmetical knowledge the child al- 
ready has and seize every possible social 
situation and opportunity from which she 
can provide meaningful concepts of terms 
relating to time, quantity, space, measure- 
ment, and commercial terms. These might 
evolve from an experience unit that she i 
developing that would bring together ac- 
tivities in languate arts, health, physical edu- 
cation, safety, art, music, and social studies, 
as well as numbers. 
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Some examples are: 


1. Distances 
a. How far from home to school and return 
b. Cost of traveling daily—weekly 
c. Distance from school to a place such as In- 
dependence Hall 
d. Use of map scale 
2. Class trips 
a. Distance 
b. How much bus fare does each child need? 
c. How much money does the whole class 
need? 
d. How long will the trip take? 
e. What time do we leave? Return? 


Point two under our original two prin- 
ciples obviously refers to the training of a 
child according to his capabilities physically, 
mentally, socially, and emotionally, e.g., a 
child who stutters would have his work 
adapted so that he could demonstrate his 
answers concretely. Another child might be 
quite adept at sewing so that measuring 
might be emphasized as part of her instruc- 
tion. 

Costello compared the effectiveness of 
three methods used in teaching arithmetic to 
mentally handicapped children. The meth- 
ods were: 

1. Soctalization—an active, experiencing 
method. Children’s experiences are neces- 
sary to all learnings in arithmetic. Children 
have great difficulty in learning a fact or skill 
which cannot be related to their own ex- 
periences. ‘These experiences can be drawn 
from the children’s own past experiences, or 
from actual experiences in the classroom, 
€.g., an excursion to the zoo might consider 
the number of weeks, days, hours, minutes, 
and seconds until the trip; mileage; bus or 
trolley fare; weight of the animals; etc. 

2. Sensorization—a method in which con- 
creteness of presentation is used, e.g., a child 
who writes his 3’s backwards might trace 
his finger over a piece of sandpaper cut out 
in the shape of that number. 

3. Verbalization—a method in which ver- 
bal description or telling is used. 

Costello found socialization to be the most 
elective method followed closely by sensori- 
zation. Verbalization proved to be the least 
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effective method for the improvement of at- 
tention, association, vocabulary, compre- 
hension, and judgment. 

Cruickshank studied various arithmetical 
abilities of a group of mentally handicapped 
children and compared them with a group 
of normal children of the same mental age. 
He found the mentally handicapped child: 

1. less able to differentiate unneeded from 
needed facts in verbal problem solving, e.g., 
Jack worked 5 days for $30. How much did 
he make a day if he worked 8 hours each 
day? 

2. likely to indicate that he would solve a 
problem in one way and actually proceed to 
solve it in another way; 

3. inferior in ability to solve exercises in 
the four fundamental processes; 

4. with greater proficiency in addition 
and subtraction than in multiplication and 
division which would indicate that more 
time on practice should be spent on the 
basic number facts particularly multiplica- 
tion and division. 

5. significantly inferior in ability to define 
and use correct arithmetic terms. In this 
latest deficiency, the vocabulary peculiar to 
a certain process should be defined, e.g., 
in division, the quotient, divisor, dividend, 
and remainder; 

6. less likely to admit inability to solve 
problems, resulting in more frequent at- 
tempts to proceed blindly. 


Summary 


The teachers of the mentally handicapped 
child can feel confident that an arithmetic 
program is desirable if it makes use of 
socially significant situations and includes a 
direct and systematic program of instruction 
with a minimum dependence on transfer of 
training for the learning of new skills. 

The work should include the knowledge, 
skills, and concepts that will prove of value 
to the child now and in adulthood. 

The methods used should be determined 
by the special disabilities or abilities of 
mentally handicapped children. 
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Eptror’s Note. It certainly is true that we should 
try to teach as much useful arithmetic to retarded 


THE ARITHMETIC TEACHER 


children as we can. We need to think seriously about 
the nature and amount of this arithmetic. Are 
computations of greatest importance? Should com. 
putations be learned by the conventional methods 
What elements of geometry should be learned and 
at what age levels? How valuable for these pupils 
is learning with the use of diagrams, scales like 
rulers, and other manipulative devices? Would it be 
better for these pupils to understand a comparatively 
few principles that are significant to people like this 
and to be able to think with and to use these in their 
lives than to try to memorize procedures that are 
apt to be forgotten? How can we best serve these 
people? As Mr. Foti points out, their travel is ata 
slow pace, they need crutches frequently, and they 
may not travel far. But it is our obligation to give 
them the aid that will make them as independent as 
possible for the role they will occupy in our society, 
Some twenty years ago, the editor experimented 
with a combination of shop work and mathematics 
with some retarded boys of ages ten to thirteen. One 
outgrowth of the experiment was the “discovery” 
by pupils of non-conventional methods of obtaining 
answers to simple computational exercises. The 
carpenter’s steel square became a most useful de- 
vice. Who has information (with data) to report 
interesting procedures and programs for the men- 
tally retarded? 





The Problem of Problem Solving 


CLARICE SINNER 
Rigler School, Portland, Ore. 


ib ORDER TO BE COMPLETELY SUCCESSFUL, 
a good arithmetic program must stress 
problem solving. 

To learn about problems, the pupil has to 
study questions as well as find answers. An 
effective way to study questions is to con- 
struct them and pay close attention to how 
they should be made. When they have found 
the answers to problems, children should be 
ready to show how they arrived at the an- 
swer and how they know the answer is cor- 
rect. They then should be helped to formu- 
late some of their own. Problems should be 
stated clearly. They should be concerned 
with, and be within the limits of the work 
studied, yet should be sufficiently challeng- 
ing to the pupils. Children should find the 
facts the problem presents and then take 
note of the question or questions the problem 
asks. Pupils at first need a great deal of guid- 





ance. There are several ways in which we 
can help children visualize and understand 
a problem. This can be done by dramatiza- 
tion, by using substitute materials to repre- 
sent articles in the problem, by discussion of 
vocabulary to make meanings clear, by 
practice in stating facts and questions for 
problems, and by making up problems. 

Problem solving should not be separated 
from the other work of arithmetic, but 
should be a part of it at all times. The ability 
to solve problems that confront children 
every day will become easier if they have 
practice with actual problems that arise iN 
the life of the home, school, and community. 
If problems are real, they will be of interest 
to children. 

One of the ways in which our sixth grade 
class used the direct experience recently was 
in connection with a cafeteria problem. The 
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manager brought to the school’s attention 
the fact that she was often unprepared for 
the number of children buying lunch be- 
cause there was too much of a discrepancy 
between the number of children actually 
buying and the number that had been 
counted. The problem was presented to the 
class. They decided that although they made 
up only a fraction of the total school, it 
would be a good beginning if their count 
was accurate. They take their turn in the 
morning writing down on the board the 
number buying lunch, number taking, and 
the number going home. They add this total 
to the number absent. We ask other ques- 
tions at this time such as: What is the largest 
part of the class going to do this noon? How 
many more children are buying than are 
taking their lunch today? What fractional 
part of the class is absent? How much money 
will the cafeteria collect from our room to- 
day? What part of the class is going home 
for lunch? What part is buying lunch? Some- 
times, John buys lunch tickets for a week at 
atime. How much does he pay? There are 
many more. 

We also use arithmetic in a health and 
science unit. We recorded each child’s pulse- 
beat for 15 seconds and then proceeded to 
find the answers to questions such as these: 
What must we do to find the number of 
pulsebeats for one minute? What is con- 
sidered the normal pulsebeat for boys and 
sirls your age? Compare it with your own. 
What was the highest count in the class? The 
lowest? What is the difference between the 
two? Compare yours with that of a neighbor. 
What is the difference between your pulse- 
beat when you have been running and when 
you remain still? 

We learned that about 35 of a person’s 
weight is blood. Each child figured how 
many pounds of his body consisted of blood. 
Comparing these with each other involves 
hot only division, but includes much prac- 
tice in fractions since the remainders must 
ve changed to fractions. They learn here to 
add and subtract mixed numbers, some- 
times with like denominators, sometimes 
with unlike denominators. Other questions 
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involving math also presented themselves. 

Much of this kind of arithmetic can and 
should be motivated by the teacher if it does 
not come readily at first from the children. 
The important point is that they must have 
practice that is well-motivated and mean- 
ingful in order to develop the ability of ap- 
plying math problems in everyday life. 

The direct experience is especially im- 
portant in the lower grades. Number facts 
can best be taught from activities and ex- 
periences of the pupils. As the child goes on 
in school, less direct ways of learning can be 
used. 

It is impossible, of course, always to pro- 
vide direct participation in lifelike experi- 
ences for all children in the class. Conse- 
quently, it often becomes necessary to use 
vicarious experiences that give them this op- 
portunity. They should be as similar to life 
situations as possible. Some interesting in- 
formation about transportation, measure- 
ment, money, time, weather, sports, buying, 
selling, communication, and many other 
subjects may be the basis for problems. 

We should remember that there is no set 
formula or step by step procedure that will 
guarantee success for all in this matter of 
problem solving, but these are some general 
reminders: Always encourage the pupil to 
read the problem carefully; think about 
what it asks and what it tells; point out to 
the child that he must read the problem 
slowly and carefully; have the child tell the 
problem in his own words to make sure he 
understands; slow him down if necessary; be 
patient and give the child time to think 
about the problem and its solution. 


Eprror’s Note. Obviously Miss Sinner believes 
that children should be given experience in under- 
standing problem situations and that one good way 
to do this is have them formulate problems about 
situations with which they are familiar. This is good 
advice. Understanding the mathematical relations 
in structure of an experience or situation develops 
through thinking about the essential elements of the 
situation. Our final aim in arithmetic instruction is 
to develop in people the ability to sense the mathe- 
matics in a situation, to think through the relation- 
ships, to perform the necessary computations, and 
finally to reach a correct conclusion. Good experi- 
ence in problem solving should do much to establish 
this aim. 





Using the ‘tProblem-Solving’’ Method 


PETER S. PIERRO 
Pleasantdale School, La Grange, Iil. 


OST TEACHERS OF ARITHMETIC will, at 

one time or another, deplore the in- 
ability of their students to do word or story 
problems. We usually attack this difficulty 
by asking our students to read the problem 
again, read it more carefully and to find 
what the problem asks. 

In doing these things we recognize that 
our problem lies not in the area of the arith- 
metical figuring but in the area of the read- 
ing and organization of the information. Ac- 
cepting this, we may ask, “‘What is the best 
way to read our information?” It is no secret 
among teachers of reading that the best 
reading is accomplished when the individual 
is reading for information concerning a 
problem that he has in mind. 

Analyze your procedure when you set 
forth to write a paper. The first thing you do 
is select or have given to you a problem. 
You then gather information in terms of that 
problem and refrain from gathering ex- 
traneous information. 

This is a typical problem: 

Mr. Rogers made an automobile trip. When he 
left home his odometer read 17,895 miles. When he 
returned, three days later, it read 18,325 miles. He 


used 25 gallons of gas. How many miles does his car 
travel per gallon of gas? 


Unless you are rather unusual, you read 
the problem (perhaps scanned it) and after 
reading the question, you returned to reread 
the information. You did this because the 
first time you read the information, it was 
rather meaningless. Only when you reread 
the information in terms of the problem 
posed did it become meaningful. 

‘The “three days” mentioned in the prob- 
Jem became meaningless and extraneous 
information only when we knew the prob- 
lem. 


Let’s rewrite the same problem posing the 
problem first: 
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Mr. Rogers wants to find how many miles he 
travels per gallon of gas on an automobile trip. 
When he left home his odometer read 17,895 and 
when he returned three days later it read 18,325, 
He used 25 gallons of gas. 


After the first sentence in which the prob. 
lem is posed, the remainder of the informa- 
tion is read in terms of the problem. Mr. Rogers 
in having kept a record of the mileage and 
the amount of gasoline used had the prob- 
lem in mind. It would be very unusual if he 
had kept this information and then, as an 
afterthought, decided he would like to know 
his gas mileage. 

Here are two more problems in different 
settings. Read them and analyze your think- 
ing. 

No. 1 
(a) Our school yard is 200’ long and 180’ wide. 
What is its area? 
(b) We want to know the area of our schoolyard. 
It is 200’ long and 180’ wide. 

Why was the schoolyard measured? We 
gathered this information because we wanted 
to find the area. The problem could have 
been: (1) What is the perimeter? or (2) How 
much longer is it than wide? The informa- 
tion gains meaning only when it is thought 
of in terms of the problem involved. 

No. 2 


(a) My grades in math for 5 tests taken during 
the last grading period were 90, 84, 79, %, 
and 100. What was my average? 

(b) What was my average on 5 tests taken in math 
during the last grading period? My grades 
were 90, 84, 78, 94, and 100. 


Why don’t we take advantage of this 
golden opportunity to start our students at 
a very young age to solve problems by the 
scientific method? Teach them first to de- 
fine the problem, then to gather and or 
ganize their information (always in terms of 
the problem), and then to set up hypotheses, 
select the correct procedure and solve the 
problem. 
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Developing the *tTake-Away’’ Idea 


Eva JEAN MAPLES 
Center School, Freeport, Ill. 


" MY SECOND GRADE the children reach a 

point when it is necessary to do prob- 

lems that involve subtraction. They must 
use ideas that have been learned in their 
work and play, both at home and at school. 

With this as a base, I try to help the children 

to identify the language of subtraction so 

they are able to subtract intelligently. 

Their first work with problems involving 
subtraction consists only of oral work. The 
children, themselves, with some questioning 
on my part, will describe many situations 
requiring take-away subtraction which I in- 
tend to teach them. 

To introduce the language used in take- 
away subtraction problems, I used the fol- 
lowing developmental lesson: 

I placed the following statement on the 
board. ‘If we have some things, we will have 
fewer or less things if we:” This provoked 
much interest. Immediately someone said, 
“It isn’t a sentence because it doesn’t end 
with a period or a question mark.” A child 
read it aloud. I told them to think about 
taking things away so that they could finish 
the sentence and tell how to get fewer or less 
things. The situations I provided required 
the use of real objects. As the following situa- 
tions were described and enacted, I wrote 
the responses on the board. The responses 
were underlined in the dialogue which fol- 
lows: 

Teacher: “Kenneth has some marbles in his desk. 
Can you think of something he might do to get 
rid of some so that he would have fewer than he 
now has?” 

Responses: “Give some away.” ‘‘Throw some away.” 
“Lose some.” 

Teacher: “Cheryl has some candy. Can you think of 
some way not yet written on the board for her to 
have fewer pieces?” 

Response: “Eat some.” 

Teacher: “I have some eggs in this carton. How 
could I have fewer eggs?” 

Responses: ‘‘Use some.” **Drop and break some.”’ 


Teacher: “David has some new puppies. What might 
happen so that he would have fewer puppies?” 
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Responses: ““He could sell some.” ‘“‘Some might run 
away.” “Some could die.” 

Teacher: “‘Can you think of any other ways that there 
could be fewer or less of something?” 

Response: “If someone had flowers, they could pick 
some,”” 
(Just then one of the lights in our room went out.) 

Response: ““That’s one. Lights can go out.” 

Response: “There will be fewer pheasants when 
some get shot.” ‘““They could fly away too.” 

Response: “‘Planes could crash.” 


(The original statement, together with 
our list, was then read. It was noted by one 
child that these were all ways in which we 
could take things away to see how many 
were left, and that we did not always have 
to cross them out to take them away.) 
Teacher: ‘“Wouldn’t it be fun if we could make some 

stories about each of these ways? Ill make the 

first one, and you can hear how I do it. Cindy has 


4 pennies. She gave 2 pennies to Mary Ann. How 
many does she have left?” 


Some of the children’s problems follow: 


1. Richard has 2 papers in his desk. He threw one 
away. How many did he have left? 

2. Susan had 5 jacks. She lost 2. How many did 
she have then? 

3. Cheryl has 6 pieces of candy. If she eats 3 of 
them, how many will she have left? 

4. Mrs. Maples has 6 eggs. If she bakes a cake and 
uses 6 of them, how many will she have left? 

5. There are 6 lights in our room. If one goes out, 
how many will be lighted? 


When we finished, we had described a 
problem-solving situation for every item on 
the list. We did not try to solve any of these. 
The next day the children asked if they could 
write more story problems. 

After a lesson such as this the children are 
quite ready to attack subtraction problems, 
textbook or real, and derive much pleasure 
from being able to do “hard problems”’ just 
like older brothers and sisters. The story 
problems they wrote also showed value 
gained in other areas of our curriculum. 
When given the chance, I find that second 
graders love to write their own stories, and 
their ideas are limitless. 











Arithmetic Can Be Fun 


NoreNE Harmon, 2nd Grade Teacher 
Patterson Elementary School, Patterson, Calif. 


O SOME SIX- AND SEVEN-year olds, arith- 

metic is a dull and fearful subject, to 
others fun and frolic. This is how one class 
made it fun and frolic: A Class Store. 

The teacher introduced the use of money 
by having the children count their lunch 
money and milk money each morning. The 
children studied a chart of real coins, and a 
toy store was suggested. 

A small toy store was brought into the 
room. The store was made of plywood about 
three feet long and four feet high. It had a 
small door and large windows with three 
shelves. The pupils brought some of their 
inexpensive toys to be placed on the shelves. 
Pencils, balloons and suckers were placed on 
the top shelf. That was the penny shelf. 
Articles for a nickel were placed on the sec- 
ond shelf and the ten cent collection was on 
the third shelf. 

To afford an opportunity to play store and 
to work with varying amounts of money, the 
children selected two or three articles and 
then told their money story. 

Playing store activities were continued by 
having the children pretend to go to the 
store and buy two or three toys, illustrating 
their purchase on paper, and then telling 
how much money they had spent. Other 
exercises were employed, too. Each child 
was given twenty-five cents to spend. Chil- 
dren then illustrated their stories and told 
how much change they had left. Members 
of the class also suggested that three nickels 
might be used in place of a dime and nickel. 
A child had to demonstrate his ability to 
make change before he could become the 
storekeeper. The same steps in making 
change that are used by clerks in stores were 
used in this activity. They started with the 
amount the item cost, counted pennies to 
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the nearest multiple of five then counted 
nickels and dimes to a quarter. They de. 
cided it was fun using the toy store, changing 
the articles on the shelves and being store. 
keeper with access to the toy cash register, 
Repetition of this experience was always 
welcome. 

During this activity the children were 
studying about Community Helpers. A 
health unit was in progress and plans were 
being made to visit the hospital just before 
Easter. It was suggested that the class take 
a large Easter basket filled with appropriate 
toys for the children confined in the hospital. 
Where would we get the money to buy the 
gifts? 

A candy sale at noontime was planned. 
Letters were written: 

March 27, 19% 
Dear Mother: . 


We want to make some money to buy presents for sick 
children. Will you make some candy for next Friday? We 
will have a candy sale. 

Thank you, 
Nancy 


A large chart of the plan was written and 
the children advertised the candy sale in 
each room of the school: 

We will have a candy sale next Friday at 
noontime. The candy will cost five cents a bag. 
We plan to buy presents for sick children in the 
hospital. We hope you will help us by buying 
some of the candy. 

Arithmetic became real again. 

“What day should we sell the candy?” 
(Use of the calendar) 

“What time will we sell the candy?” (Use 
of the clock) 

“What expenses will we have?” (Use of 
money) 

“How big will we cut the pieces?” (Used 
ruler) 
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“How many shall we put into each bag?” 
(Measurement) 

“Who will sell the candy?” (Tally by vot- 
ing) 

After the candy sale, the class was de- 
lighted to learn they had $23.60. The money 


was carefully counted, and it was observed 
that 100 pennies or 20 nickels, or 10 dimes, 
or 4 quarters or two half-dollars made one 
dollar. Cash received included a one dollar 
bill and a check for one dollar which was 
cashed at the bank after proper endorse- 
ment. 

Next, plans were completed for the trip to 
the hospital. Cellophane bags used in sack- 
ing the candy, a large potato basket to be 
decorated as the Easter basket, crepe paper, 
ribbon and colorful wrapping paper had to 
be purchased. 

From the balance of the money, each child 
was given 50 cents and all trouped to the 
local 5-10-15 cent store to buy gifts. As 


readiness, the children reviewed the value of 


money, how change is made, and the kind 
of item which would be suitable for gifts for 
children who are hospitalized. Lists were 
written on the blackboard: color books, 
magic slates, clay, books, puzzles, paper 
dolls, etc., and each child chose beforehand 
a gift to buy, and then made a selection at 
the store. 

Returning to class, each child showed his 
gift, told how much it had cost, including 
tax, and how much change was received 
from the original 50 cents. One child said, 
“It looks as if we now have more money in 
change, than we had when we started.” 

“Let’s count it and see,’ said another. 
After counting all the pennies and nickels, it 
was discovered that the class had but $4.08 
left. The balance used to subscribe to a chil- 
dren’s magazine and to buy a large stuffed 


Easter bunny. The bunny was not to be 
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given away, but was to be left at the hos- 
pital. A daily record of the money spent was 
on the blackboard as follows: 


ee ee ae 
eee ere 2.07 
Wrapping paper for presents. ... ' ; 4.13 
Crepe paper for Easter Basket... .. 47 
NE 8 oi aie. geen err ane wate Diee Oe pS | 
Magarines...¢:..).: ek 3.00 
PUI R58 Fs ocdcceves phi tet ees ;, Se 

Oe... cee ee $23 .60 


With the decorated basket filled with 
presents, the children, teacher and local doc- 
tor visited the hospital. 

Later the hospital staff wrote a thank-you 
letter to the class, and the children learned 
the big bunny (named Candy by the chil- 
dren) was given to the sick children to hold 
in their arms on the way to the operating 
room. Since each child wrote his name on 
the present he bought and wrapped, many 
children have received individual ‘‘thank- 
you” letters. 

The local radio station learned of this ac- 
tivity, and the class was invited to tell of 
their experience over the radio. Each child 
was given the opportunity to tell something 
about this project. Appropriate songs were 
sung, along with this original song about 
the trip to the 5-10-15 cent store. 


Melody: (School Days) 


FUN AT THE STORE 

(Chorus) 
School Days, School Days, dear old 
Northmead school days, Reading and 
Writing and ’rithmetic, We’ve learned 
to make change, it’s really no trick, 
We went shopping a few days ago, 
Down to the dime store we wanted to go, 
To buy for the hospital gifts for the sick, 
And hope their recovery’ll be quick. 


An arithmetic project can be fun for chil- 
dren and at the same time filled with de- 
sirable learnings. 



































BETO EA 


fats 


HuUrnNOmY 






My Work with the Binary System 


Sanpby Friese (7th Grade) 
Whittier Jr. High School, Lincoln, Neb. 


ib SEEMS AS THOUGH it was only yesterday 
that my arithmetic teacher, Mr. Norton, 
gave me a special unit on the Binary System 
and asked me to look it over. The problems 
that decorated the cover were certainly 
strange; 10+10=100, 1+1+1=11, 11X 
11=1001, and 100—1=11. 

We had been studying the decimal num- 
ber system in arithmetic class and had 
learned that it was based on the number 10, 
had ten digits including zero, and that the 
idea of place value was important in deter- 
mining the actual value of any particular 
digit. But I certainly couldn’t imagine a sys- 
tem based on the number two and one that 
used only two digits—0 and 1. 

I hadn’t studied the unit long, before I 
found out much more about this interesting 
number system. I learned that the place 
value idea in the binary system wasn’t diffi- 
cult at all. Since it is based on the number 
2, the place values from right to left go one’s, 
two’s, four’s, eight’s, sixteen’s, thirty-two’s 
and on up the scale according to the power 
of two being used. For example, the binary 
number 10011 means: 1 one, 1 two, 0 fours, 
0 eights, and 1 sixteen. Thus the binary 
number 10011 is equal to the decimal num- 
ber 19. 

The working of binary problems in addi- 
tion, subtraction, multiplication, and divi- 
sion was extremely interesting and the fact 
that I found out that various calculating 
machines actually used this system made it 
even more interesting. 

Of course, I needed help from time to 
time on various parts of the unit, but the 
unit itself was mainly self-teaching. My two 
main difficulties came in the carrying proc- 
ess in addition and borrowing in subtraction. 
I worked especially hard on these two proc- 
esses, but now that I look back at the time I 
was studying these two binary processes, I 
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realize that it was then that I really learned 
the meaning of carrying and_ borrowing 
in problems in the decimal system. 

When I had completed the unit, Mr, 
Norton gave me a quiz on its contents. | 
guess he was pretty well pleased with the 
results because he asked me to present the 
ideas I had learned to the entire class. All 
of my classmates seemed to enjoy my talk on 
the binary system and most of them could 
work the problems I gave to them at the 
end of my presentation. 

Next, I presented a 20 minute talk toa 
9th grade class at our school. I'll have to 
admit that I was really scared at first, but 
these algebra pupils were a very courteous 
audience and they listened and worked co- 
operatively all through my talk. 

The next thing I knew, Dr. Milton Beck- 
mann of the University of Nebraska, had 
asked my teacher and me to visit his meth- 
ods class in mathematics. Of all things, Dr. 
Beckmann wanted me to present the binary 
system to his university pupils. The practice 
that I had in giving the talk to my own class 
and the 9th graders helped me a lot. Only 
one of the college pupils had worked with 
the binary system before and he as well as 
the others were extremely attentive and 
courteous. They all said that they had en- 
joyed my short presentation; I must say that 
I did too although I had the “butterflies” 
again for the first few minutes. 

In short, I really enjoyed my experiences 
in working with the binary system. I felt that 
it not only gave me some new ideas about 
other number systems, but developed for me 
a greater appreciation of our own decimal 
system. I certainly hope others get the op- 
portunity to study this unit. 

Just yesterday Mr. Norton mentioned the 
Quinary and Duodecimal Systems. I wonder 
what they are like? 
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Arithmetic in Upper Elementary Grades 





PAULINE FRAZIER AND MARGARET BURMAN 
Los Angeles City Schools, Calif. 


pe MOST EFFECTIVE LEARNING proce- 
dures emphasize meaning and under- 
standing. A modern program in arithmetic 
aims to develop meanings so that the child 
perceives purpose and logic in what he is 
taught. When the Jearner can see the rea- 
sons for the uses or applications of the arith- 
metic that is being studied, he will be able 
to understand more clearly and more effi- 
ciently use the number relationships in- 
volved. This program makes use of chil- 
dren’s experiences, a growing readiness for 
learning, a step-by-step course in arithmetic, 
and a continuous review of skills. It also 
guides the child to become increasingly 
aware of the place numbers have in the 
world in which he lives, such as in science or 
business, and provides him with opportuni- 
ties to apply his newly-learned concepts in 
arithmetic to these everyday problems of 
community living. 

Learning is a slow process. From the time 
a child is first introduced to an arithmetic 
process to the time he has mastered it, a 
relatively long space of time will have 
elapsed. Arithmetic introduced and learned 
at each grade level will be dependent upon 
previous learning, and it will also serve as a 
basis for future learning. Basic concepts are 
introduced in the primary grades and re- 
applied in more complex form in each suc- 
ceeding grade. The child’s readiness for new 
concepts is dependent upon this gradual and 
‘equential building of experiences with 
meaning at each grade level from primary 
grades through upper grades. 


Extending Lower Grade Learnings 


The upper grade arithmetic program of 
the Los Angeles City Elementary Schools 
includes further practice and more complex 
problems in the four fundamental processes 
faddition, subtraction, multiplication and 
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division of whole numbers. It includes com- 
mon and decimal fractions and per cents. 
The modern program attempts to build an 
increased understanding of the orderly 
structure of the decimal number system, the 
laws by which it operates, and an appreci- 
ation of the simplicity and efficiency of the 
decimal number system as compared with 
other number systems such as the Roman 
numerals. As soon as we record numbers of 
10 or larger we are dealing with a notational 
system which we received from the Hindus 
and Arabs. It is a decimal system which em- 
ploys the important principle of “‘positional 
notation”’ and this can be contrasted with 
the principles used with Roman numerals. 

The upper grade program also embraces 
the teaching of useful technical terms of 
arithmetic to be used in expressing relation- 
ships and ideas. It strives to develop an un- 
derstanding of units of measures and skill- 
ful use of measurement to solve problems 
in real life situations. The teacher seeks to 
increase the pupil’s ability to make de- 
pendable estimates and generalizations. The 
pupil uses practical applications of arith- 
metic to gain a greater understanding of the 
importance of arithmetic in intelligent buy- 
ing and selling, and in solving personal and 
community problems. 

Although children always learn better and 
remember longer if they fully understand 
what they are doing, forgetting is normal. 
For this reason teaching, drill, and reteach- 
ing is needed. Also each child is a unique 
individual with his own interests, abilities, 
and needs. This variation in achievement 
and rate of learning is characteristic of any 
classroom group. The child’s attitude toward 
the subject is the result of a combination of 
many factors such as interests, rate of learn- 
ing, aptitude, health, background of ex- 
periences, and environment. 
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Arithmetic becomes most meaningful 
when it is used in solving problems within 
the realm of the child’s experiences, or for 
which he has a real need to arrive at a satis- 
factory solution. Therefore, children should 
be taught sound and understandable ways in 
which they can solve these problems. Home, 
as well as school, provides many oppor- 
tunities for children to develop these prob- 
lem-solving abilities. At home they can 
learn to plan personal budgets for their 
allowances or earnings and for their time. 
They can learn to save money in a bank 
account which will, necessitate the use of 
deposit slips and other business forms. They 
may learn to cook by measurement and to 
figure the cost of preparing food. They might 
help in caring for and replanting or land- 
scaping your home in order to obtain a 
practical understanding of measurement of 
time used, and cost of improvements and 
repairs, or help in a workshop with plan- 
ning, measurement and construction. Happy 
arithmetic experiences which occur at home 
with parents enable the child to approach 
new classroom experiences in arithmetic 
with confidence and anticipation. 

Studies and experience show that usually 
the child who is successful in arithmetic 
understands the meaning behind the printed 
symbol. He has made practical application 
of his arithmetic facts, and in doing so he has 
perceived logic and purpose for numbers in 
daily living. He has some knowledge of the 
wise use of money, buying and selling, taxes, 
time, measurement, and graphs. He has ac- 
quired some appreciation of the contribu- 
tions arithmetic has made to other fields of 
endeavor such as science. 

The arithmetic program of the Los Ange- 
les City Elementary Schools is one built 
upon basic concepts in sequential steps with 
more complexity at each grade level. Since 
forgetting is to be expected to some degree 
it is necessary to reteach, drill, and find 
many practical applications of arithmetic 
both at schoo] and at home. 
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Meanings in Multiplication 
(Continued from page 157) 


of the “situation structure” of a problem and per. 
form the necessary computations according to 
formula or another recognized pattern which pro. 
duces the correct answer? If a person understands 
the nature of the denominations and how the numbe 
of them may be used to produce in a “situation. 
structure” some other amount of a different denomi- 
nation, why quarrel with labels and how they 
appear on paper? The operating numbers merely 
are tagged with a label to identify their significance 
in the “‘situation-structure’”’ and the operations are 
performed with the numbers and not with the 
labels. Many rather intelligent people and most 
scientists use labels to identify the “situation. 
structure” as an aid to thinking about the relation- 
ships. Is Dr. Christofferson correct in his comparison 
of the furor over such ideas as “the multiplier is 
always abstract” with the former argument over 
“how many demons can dance on the point of a 
pin’? 





Differences in Arithmetic 
(Continued from page 153) 


3. Sister Mary Adelbert, ‘“‘Teaching Arithmetic 
Meaningfully for Permanent Retention,” The 
Catholic Educator, XX (1950), 263. 

4. Sister Anna Eugene Leaver, “‘A Statistical Study 
to Determine the Amount of Forgetting in Re 
ligion andfArithmetic by Fifth Grade Pupils 
During a Three Months Interval,” (unpublished) 
Master’s Thesis, Boston College, Chestnut Hill, 
1950. 


Eprror’s Note. Sister Josephina has presented 
statistical evidence showing the amount of for- 
getting of fifth graders over the summer vacation 
period. The amount of forgetting seems alarmingly 
high. Is this in accord with current studies in other 
schools? What will we do, first, to obtain learning 
that is not so easily forgotten and, second, to rebuild 
this forgotten learning the following year? Is it 
wisest to start a year with a diagnosis of previous 
learnings and then to reteach before starting new 
work? Or should we proceed cautiously and rebuild 
as needed during the first half of the year? Some 
teachers start the year by using the book for the 
previous grade and refreshing and relearning cet 
tain critical things before progressing into new 
work. One cannot assume ‘‘Once learned, never 
forgotten.” But we ought to be seeking a method of 
learning that results in less forgetting. The editor 
would like to see Sister Josephina’s tests applied to 
a group of pupils who had spent at least two prev 
ous years in a learning pattern that featured visual 
and manipulative aids plus emphasis upon under 
standing and discovery. Would such a group be 
less prone to forgetting? We should have this infor 
mation. 
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Book Reviews 


Arithmetic in My World Series, Grades 1-6 
(teacher editions, workbooks, students 
books), C. Newton Stokes. Boston: Allyn 
and Bacon, 1958. 


The textbooks in My World Series are at- 
tractive and appealing to children. The me- 
chanical make-up of the book is of a definite 
superior quality. All levels appear to be well 
edited and in the main the vocabulary well 
chosen. The logical arrangement of material 
makes the content well adapted to instruc- 
tional procedures. 

The illustrations and unit tests are very 
good. ‘The design of the teacher’s manual is 
excellent and in addition to its timely helps 
in teaching is also designed in a way that is 
economical of the teacher’s time. 

The First BOOK of the series has been set 
up with the child in mind. Many of the 
problems are those he will run into and need 
to know how to solve himself. The book 
should not be used without the workbook to 
accompany it. The teacher needs the extra 
drill that is given here for the slow child 
and extra work for the rapid learner. 

The vocabulary in the book may be a little 
difficult for the slow child, but with a divided 
group it should work out very nicely. The 
average and above average child will find 
very little difficulty in mastering any new 
words. A large number of the words are 
found in the basic reading series and thus 
will be of help later in the book. 

One of the nice features in the book is the 
way it teaches multiplication along with 
addition and subtraction. It also gives illus- 
trations showing how to arrive at the answer. 
The teacher’s guide also supplies the teacher 
with numerous ideas and makes suggestions 
of what to do with the rapid learners in the 
toom. These all help to make for a happy 
situation in the numbers class and this par- 
ticular book meets desired objectives in a 
commendable manner. 
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The vocabulary in the SECOND BOOK seems 
particularly advanced from the beginning. 
The new mathematical terms are intro- 
duced too rapidly within a lesson. The pres- 
entation of these new words is not simple 
enough, nor is it followed through with suffi- 
cient drill. 

The textbook and workbook (as a team), 
abound with realistic, colorful and interest- 
ing illustrations, but the challenging exer- 
cises and problem stories are included for 
the more mature children in a class. The 
average seven or eight year old child may 
not enjoy this book. 

BOOK THREE is very good. The teaching of 
addition, subtraction, multiplication, and 
division at the same time seems to be an 
excellent way and one that children can 
comprehend better than each process being 
taught separately. The teaching of all four 
signs of operation simultaneously should 
cause less confusion as more emphasis could 
be placed on the sign and when it is to be 
used. 

The workbook is essential when using this 
text to give the drill that is necessary. 

The help given by the manual would 
make the teaching of arithmetic easier for an 
inexperienced teacher. 

Many teachers may feel that more should 
be taught in the third grade such as carrying 
and borrowing. However, if everything is 
well taught in this grade, as covered by this 
text, the rest can be done faster in the next 
grade. 

The FOURTH GRADE BOOK would be attrac- 
tive to children in appearance, and from the 
standpoint of interest and children’s needs. 
The presentation of addition and subtrac- 
tion is done in a way that should enhance 
quantitative thinking. The emphasis on 
story problems is a good feature of the book. 

Multiplication and division is presented 
in an isolated manner. It is felt that there 
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are advantages in presenting the basic facts 
of these processes as a group. There seems to 
be too much pictorial material for this grade 
level. If the readiness program has been well 
taken care of in the primary grades, about 
90% of fourth graders do not need to count 
marks and dots to get the concept. It would 
seem that parts of the book are definitely 
geared to the minority or the 10%. It does 
not seem to offer the desired challenge to the 
high average and rapid learner groups. 

In the text alone there would not be 
enough practice problems, however if the 
workbook was used in conjunction with the 
text this would be adequately taken care of. 

The material used in the FIFTH GRADE 
BOOK lends itself particularly to an activity 
or laboratory type of class room. As the 
manual points out, the book is designed to 
have the class work in small groups. 

Each concept is developed very slowly in 
the book, this is excellent for the slower pu- 
pils but the better groups might very easily 
become bored. The “‘point” of the process 
needs to come sooner in the explanation. 

The textbook must be accompanied with 
the workbook if there is to be enough prac- 
tice. The workbook provides a more useful 
activity for the slow, average and fast 
learner. This is offered by more challenging 
application, more complex abstract relations 
and different ways of finding the outcome. 

Much of the enrichment work for the 
faster pupils is left to the teacher. It is sug- 
gested that the problem materials be brought 
in from local newspapers, etc. There are no 
“for fun’? mathematical equations for these 
pupils to try their skill. 

The units are up-to-date and the prob- 
lems are those that would interest fifth grad- 
ers. The textbook covers measurement very 
nicely but gives no mention of graphs. 

Since this series explains each process so 
thoroughly, there seems to be no need for 
such a lengthy review and explanation of the 
simple processes at the beginning of the 
book. 

The activities in the siXTH GRADE TEXT are 
well within the range of interest of children 
of that grade. If practical geometry and per- 
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cent is to be taught, more time will be 
needed than is now available. 

The number concepts are presented in 
practically the same order as in other ae. 
cepted texts and the sequence in which they 
are presented seem best for effective learn- 
ing. The detailed development of the four 
fundamentals seems unnecessary if the 
teaching in the preceding grades has been 
thorough. It seems that there is too much 
explaining in some instances. 

The interesting illustrations and exercises 
will make the book attractive to children, 
Excellent drill exercises and unit tests are 
found frequently throughout the book. The 
manual and workbook are excellent. 

As a set, the series start out with an excel- 
lent first grade book, however there seems 
to be a gap in bridging to some of the diff- 
cult second grade material. In other books 
of the series there appears to be a great deal 
of material at the beginning that is rather 
elementary. There was some feeling that 
there is insufficient materials for individual 
differences. 

Since we subscribe to the premise of indi- 
vidual differences then it would seem to be 
a healthy sign that reviewing teachers differ 
somewhat in their evaluation of the series. 
A number of the group however indicated 
that they would like to have this series at 
their particular grade level. 

Louisa RipPerGER, First Grade 
EVELYN ROcCKUFELER, Second Grade 
ExrviraA LorGren, 7hird Grade 
Puy tuts HuGues, Fourth Grade 
GLENDORA ScuHuLpt, Fifth Grade 
PuHy.uts KENDALL, Sixth Grade 
WituiaM O. Maric_e, Chairman 


Teaching Arithmetic for Understanding (with 
teacher’s manual and student workbook), 
John L. Marks, C. Richard Purdy, Lucien 
B. Kinney. New York: McGraw-Hill 
Book Company, Inc., 1958. Cloth, xiv 
+429 pp., $6.00. 


Research by Grossnickle and others has 
revealed the lack of substantial mathemati- 
cal background and good procedures for the 
teaching of today’s arithmetic. Here is 4 
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publication which attempts to meet the chal- 
lenge by professionalizing the subject matter 


in-service teachers 
(grades 1-8). The authors maintain theirs 
js a dual purpose when they say: ‘‘So that 
the teacher may thoroughly comprehend 
the mathematical aspects of elementary 
school arithmetic, mathematical ideas such 
as properties of our number system, why 


for pre-service and 


numbers are placed in certain positions for 
computation, and the principles and rela- 
tions underlying the operations are stressed.” 
and, ‘‘Above all else the emphasis here is 
upon strategy and techniques for use in 
helping pupils develop understanding of 
arithmetic.”’ It is the opinion of this reviewer 
that the authors, on the whole, have done 
remarkably well in dealing simultaneously 
with mathematical substance and methods. 
Indeed, for the professionals who know 
Buckingham’s Arithmetic: Its 
Meaning and Practice and the many articles 
written by Brownell and Van Engen relative 
to the philosophy and psychology of arith- 
metic, this publication may appear to be a 
good integration of all three. 

The scope of the text is adequate. Its four- 
teen chapters include: 1. Why Study Arith- 
metic; 2. Planning Effective Learning Ac- 
tivities; 3. The Arithmetic Curriculum; 4. 
Number and Number Systems; 5. Beginning 
Number Experiences; 6. Addition and Sub- 
traction; 7. Multiplication and Division; 8. 
Common Fractions; 9. Decimal Fractions; 
10. Learning the Language of Per Cent; 11. 
Measures and Measuring; 12. Learning to 
Solve Word Problems; 13. Appraising Prog- 
tess of Pupils; 14. Adjusting to Individuals. 
Also included is a section on Games for 
Fixing Skills and one on Selected Refer- 
ences. There is a “name index” as well as 
a “subject index.’’ Within each chapter the 
sequence and techniques for developing 
number ideas are commendable as are ma- 
terials and devices. 

Mathematically the content is weighted 
heavily in favor of the collectional approach 
to number. It would seem addition and 
subtraction could be strengthened and zero 
made more significant had the number line 


Elementary 


ApRIL, 1959 





169 


been given greater prominence. In our time, 
thinking with positive and negative numbers 
has become almost commonplace in the 
elementary school. Likewise more emphasis 
on equational thinking in items such as 
n+5=12 and 9—n=6 as well as [J+]=7 
and A+ A=1 would invigorate mathe- 
matical insight. 

Sensible algorisms are employed in the 
discussion relating to common fractions and 
it was good to see “$+ 4=?” in the horizon- 
tal form as well as the vertical. Division of 
fractions is presented adequately for practi- 
cal purposes but the rationale for the in- 
verted divisor will be found in a much later 
section called “Experiences for Enrich- 
ment.” The rationalization of multiplica- 
tion and division of decimal fractions gets 
very extensive treatment and at times the 
use of the words “rule,” “hypothesis,” 
“theory,” “‘law”’ and ‘“‘generalization” in 
this section may be confusing. 

Occasionally the authors lapse into the 
older pattern of verbalizing mathematical 
ideas, and sometimes it is acknowledged as 
such. It would seem that “borrow,” ‘“‘can- 
cel,” “‘reduce” and ‘‘to the right of the 
decimal point” have had their day and that 
in the interest of good mathematics these 
should give way to “change,” ‘“‘simplify” 
and “‘to the right of the ones place.” 

Following each chapter there are numer- 
ous stimulating questions and exercises suc- 
ceeded by an extensive supporting bibliogra- 
phy. Missing, 
Brownell’s 


however, is reference to 
‘Psychological Considerations 
in the Learning and Teaching of Arith- 
metic,” (Tenth Yearbook, NCTM, 1935) 
and Van Engen and Gibb’s ‘Mental 
Functions Associated with Division,’ (Iowa 
State Teachers College, 1956.). While Mc- 
Connell’s “Recent Trends in the Learning 
Process,” (Sixteenth Yearbook, NCTM, 
1941) is included in the bibliography for 
chapter 2, none of the preceding 25 ques- 
tions or exercises refer to it. Arithmeticians 
consider this a most significant investigation 
of generalization in the field of number. 
Indeed, it is one of the first important stud- 
ies relative to drill vs. understanding and, 
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in the opinion of this reviewer, it deserved a 
focal question or exercising. 

Though there is a workbook to provide 
further exercises as well as study questions, 
according to the authors, its assignments can 
be made for use with other arithmetic 
methods textbooks. The Teacher’s Manual 
supplies answers to the text and workbook 
questions and it provides examples of test 
questions (without answers). 

These materials by Marks, Purdy and 
Kinney make an ambitious and concen- 
trated program intended for one semester of 
45 or 30 meetings. Thus selectivity will be 
pertinent to insure the best use of their 
many suggested activities. And, while the 
text will assist some college instructors, it 
cannot be considered the only answer to a 
good mathematical background for ele- 
mentary school teachers. 

ANN C. PETERS 


Understanding and Teaching Arithmetic, E. T. 
McSwain, Ralph J. Cooke. New York: 
Henry Holt and Company, 1958. Cloth, 
xi+420 pp., $5.50. 


The purpose of this book, as stated by the 
authors in the preface, is to serve as a 
‘teaching guide to teachers and prospective 
teachers who desire to improve their under- 
standing of the meanings, vocabulary, and 
mathematical operations that constitute the 
language and science of arithmetic and who 
want... methods and materials... that 
may motivate and assist pupils in experienc- 
ing purpose, meaning, interests, and satis- 
factions from their study and use of arith- 
metic.” 

These are laudable aims. The pattern of 
presentation is laudable, too. So also is the 
aim of the authors to use each chapter “‘as 
an opportunity to think with teachers about 
the topics which are found in a typical cur- 
riculum in arithmetic,” and to stress mean- 
ings. 

Unfortunately, these aims are _ not 
achieved. The discussion is wordy, confusing 
and full of inaccurate statements. The level 
of mathematical understanding and ac- 
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curacy may be indicated by a few typical 
excerpts: 

(1) “When a person wants to record an 
amount he uses a number. When he desires 
to compare two numbers he uses subtrac- 
tion.” (page 6) 

(2) ‘*A dividend such as zero cannot exist 
because a dividend notates a sum.” (page 
105) 

(3) “Multiplication is a thought process 
of finding the sum or product of a given 
number of like integers or fractions and 
notating the total with one number (the 
product).” (page 182) 

(4) “But in statements such as “The popu- 
lation increased by 6% there is little mean- 
ing because the whole quantity, i.e. former 
population, is not given. Unless this is 
known, the population increase cannot be 
computed.” (page 240) 

In quotation (1) the first sentence is 
obvious, the second false. One is at least as 
likely to use division to compare two num- 
bers. Concerning (2), it is perfectly possible 
for zero to be a dividend; it cannot be a 
divisor. (The reviewer has no idea of what 
‘“‘notates a sum”’ is supposed to mean.) As to 
(3), multiplication has nothing to do with 
finding sums. And finally, the quoted state- 
ment (4) has a precise and significant mean- 
ing. There are many occasions when it is 
quite sufficient to know rate of increase 
without knowing the absolute amount. 

The pedagogical aspects of the book seem 
more meritorious: the “‘explanatory ques 
tions,” the suggestions for teaching proce- 
dures, the questions for self-evaluation, the 
“suggested activities’ and the exercises, all 
seem generally appropriate. But it is diff- 
cult to see how an adequate pedagogical 
superstructure can be erected on so shaky 4 
mathematical foundation. 

The strictly computational aspects of the 
book are substantially correct, though 80 
many special cases must surely tend to con- 
fusion rather than to clarity of thought. The 
chapters on measurement, problem solving 
and evaluation are generally good. 

The book includes also an extensive bibli- 
ography and a “basic vocabulary.” The 
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latter includes a number of terms of little 
importance: e.g., abacus, are decade combi- 
nation, and a number of terms quite inac- 
curately defined: 0 is omitted from the list 
of Hindu-Arabic numerals, and is not a 
“digit,” a degree is “a unit for measuring an 
angle or temperature”’ (this gives the impres- 
sion that the same unit is used for angles as 
for temperature), multiplication is “a 
mathematical and mental process of rapid 
addition of a given number of like numbers.” 


ALBERT E. MEDER, JR. 


New York State Meeting 


The New York State Council of Teachers 
of Mathematics will meet in Syracuse on 
May first and second. Among the speakers 
are Dr. C. Stanley Ogilvy, 
“Through the Mathescope,” Professors 
Howard Fehr of Teachers College, E. 
Glenadine Gibb of Iowa, and Joseph Seidlin 
of Alfred University. Nearly forty different 
sectional meetings will provide for all levels 
and interests. 


author of 





Division of Fractions with Meaning 


Divide: 1+ 4 (by manipulation we have 
already learned that there are five-fifths in 1 
or a whole). 

In 8+ there are 8 wholes, so we have 
8X5 parts when we divide 8 into “one- 
fifths.”” 

8+ 3, in this problem we must first group 
into fifths, but since we are wanting to know 
how many groups of three-fifths, or 3 “‘one- 
fifths,” there are in 8 we need to regroup. 
In the final grouping there will be 4 as many 
groups since we want 3 “‘one-fifths” in each 
group. 

Our process then reads 8X5 X § or to put 
itin a shorter form 8 X #. 

Now we see the divisor (2) of our problem 
has been turned upside down. 

The arithmetic term for this process is 
called inversion. We have inverted (turned 
upside down) the divisor. 

Fractions divided by fractions can be ex- 
plained by the same method. It, however, 
is a purely mechanical procedure, since 


fractions cannot be divided by fractions by 
manipulations. 

In the problem $+ 3, the fraction $ repre- 
sents the quantity to be divided. 

To find how many thirds in $ we have 
$X3. Finally in regrouping into 2 “‘one- 
thirds,” the process is §X 3X4 or $X 3 using 
the reasoning as explained above. The di- 
visor has been 
problem. 


inverted in working this 


Now proceed to work the example by 
cancellation. 
¢ / 
=2/3) 


After a bit of drill in each step we are 


(4/9 2/: =a— x 


We | RAD 
ro | we 


ready to make the generalization that to 

solve a division-of-fractions problem the 

divisor is inverted, then proceed to multiply. 
Contributed by 
Mrs. Jesse Root 
Covington, Ohio 
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what are you looking for? 


. a solid arithmetic program for grades | to 8, 
something thorough and complete you can “hang 
your hat on”? ... a program that pyramids learn- 
ing each year steadily, systematically? . . . pos- 
sibly you are looking for an arithmetic series that 
will make you a still better teacher by putting 
better teaching tools in your hands—functional 
teaching manuals (with facsimile pages and an- 
swers); workbooks and teachers’ editions; answer 
booklets; term tests; visual and manipulative 
aids; and service items, too? 


Look no further ... we haven't overlooked a single 
detail! It's BROWNELL - WEAVER’s NUMBERS 
WE NEED (Grades 1-2); BUSWELL - BROWNELL 
- SAUBLE’s ARITHMETIC WE NEED (Grades 3-8) 
plus the GINN ARITHME-STICK and new GINN 
NUMBER CARDS,—a comprehensive, complete, 
unparalleled program. 


Ginn and Company 


Home Office: Boston Sales Offices: New York |] 
Chicago 6 Atlanta 3 Dallas | 
Palo Alto Toronto 16 


Please mention the ARITHMETIC TEACHER when answering advertisements 





